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ON MAPPING CLASS GROUPS OF
CONTRACTIBLE OPEN 3-MANIFOLDS

ROBERT MYERS

ABSTRACT. Let W be an irreducible, eventually end-irreducible contractible
open 3-manifold other than R3, and let ¥ be a “good” exhaustion of W .
Let Z (W ; V) be the subgroup of the mapping class group # (W) which is
“eventually carried by ¥V .” This paper shows how to compute Z (W ; V) in
terms of the mapping class groups of certain compact 3-manifolds associated to
V . The computation is carried out for a genus two example and for the classical
genus one example of Whitehead. For these examples #(W)=#Z(W; V).

1. INTRODUCTION

The mapping class group # (W) of a smooth, orientable manifold W is
the group of orientation preserving diffeomorphisms Diff(W) of W modulo
isotopy. This paper is concerned with the case in which W is an irreducible,
contractible open 3-manifold (a Whitehead manifold) which is eventually end-
irreducible and is not homeomorphic to R3. Such a manifold possesses exhaus-
tions by compact submanifolds having particularly nice properties. Given such
an exhaustion V', there is a subgroup Z (W ; V) of # (W) whose elements
are represented by diffeomorphisms which are “eventually carried by V .” (See
the next section for precise definitions and statements of theorems.) It is proven
that the computation of # (W ; V) can be reduced to the computation of the
mapping class groups of certain compact 3-manifolds associated to the exhaus-
tion. This reduction takes two forms, depending on whether or not V' has genus
one.
If V' does not have genus one, then either Z (W ; V') is isomorphic to the

direct limit & (W ; V) of a sequence Z y(W ; V) of groups, each of which
is a subgroup of the direct product of a sequence of mapping class groups of
compact 3-manifolds, or Z (W ; V') contains & (W ; V) as a normal subgroup
with infinite cyclic quotient. The latter case occurs when V' is “periodic,” and
A (W V) is in fact the semidirect product of F (W ; V) and Z. Z(W; V)
is computed explicitly for a certain genus two example similar to an example
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given by McMillan [Mc], and it is shown that for this example Z (W ; V) is
equal to the entire mapping class group #Z(W).

If V' does have genus one, then # (W ; V') has a normal subgroup &' (W ; V)
which is represented by Dehn twists about infinitely many of the boundary tori
of elements of the exhaustion. This subgroup is most usefully described as the
direct product modulo the direct sum of countably many copies of Z2. The
quotient Z (W ; V)/Z (W ; V) then has the structure described in the previous
paragraph. This extra complication in the structure of # (W ; V) is in part
compensated for by the fact that for a genus one Whitehead manifold V' can
be chosen so that Z (W ; V) = Z(W). Thus, in principle, one can always
compute the mapping class group of such a manifold. The computation is
carried out explicitly for the classical example of Whitehead [Wh].

One reason for investigating mapping class groups of contractible open 3-
manifolds is their application to the study of proper group actions. A group
G acts properly on W if each compact subset of W meets only finitely many
of its translates by elements of G. Two important classes of such actions are
the finite group actions and the actions of fundamental groups of 3-manifolds
having W as universal covering space.

With regard to finite group actions, it is proven in [My3] that for W an
eventually end-irreducible Whitehead manifold not homeomorphic to R? and
G any finite subgroup of Diff() the restriction of the natural homomorphism
Diff(W) — Z (W) to G is one-to-one. Thus information about # (W) can
place limits on the finite groups which can act (preserving orientation) on W .

For the genus two example the only finite groups which can act are Z, and
Z, ® Z,, and in fact these groups do act on the manifold. For the classical
Whitehead example the only possibility is Z, , but there are uncountably many
Z, subgroups of the mapping class group. Each of them is represented by an
involution.

With regard to the case in which W is the universal covering space of an
orientable 3-manifold M , it is known that z;(M) acts properly on W and is
torsion free. It is conjectured that if M is closed, then W must be homeo-
morphic to R3. Geoghegan and Mihalik have shown [Ge-Mi] that if W is a
Whitehead manifold which is not homeomorphic to R3, then the restriction of
Diff(W) — # (W) to any torsion-free subgroup whose action on W is proper
must again be one-to-one. Thus one approach to the conjecture would be to
try to show that if W is not homeomorphic to R?, then # (W) contains no
subgroup isomorphic to a closed, aspherical 3-manifold group.

For the genus two example this is indeed the case, and so it cannot cover a
closed 3-manifold. On the other hand the Whitehead example (and every other
periodic genus one Whitehead manifold) contains subgroups isomorphic to the
fundamental groups of every torus bundle over the circle. Note however that a
closed, irreducible 3-manifold having such a fundamental group must by [Wa]
be homeomorphic to a torus bundle and so have universal cover R3. More
generally, by [Ha-Ru-Sc] a closed, irreducible 3-manifold whose fundamental
group contains the fundamental group of a closed, orientable surface other than
S2 must be covered by R?. Thus one must at least modify the above approach
by trying to show that every closed, aspherical 3-manifold subgroup of # (W)
contains such a surface group.

It should also be pointed out that Whitehead’s example is after all a genus
one Whitehead manifold and so by [My2] admits no torsion-free proper group
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actions and thus cannot cover another 3-manifold. More generally, Wright has
recently shown [Wr] that the same is true for any eventually end-irreducible
Whitehead manifold other than R3. In particular this is the case for all White-
head manifolds of positive finite genus.

The paper is organized as follows. Section 2 gives definitions, sets up no-
tation, and gives precise statements of the theorems. Section 3 uses results of
Laudenbach, Cerf, and Palais to give conditions under which an isotopically
trivial diffeomorphism of a 3-manifold which leaves a surface invariant can be
isotoped to the identity by an isotopy which leaves the surface invariant. In §4
this is applied to show that isotopically trivial diffeomorphisms of W which
are eventually carried by V' are isotopic to the identity by isotopies which
are eventually carried by V. This is the main result needed in §5 to analyze
the structure of Z (W ; V). In §6 certain types of incompressible surfaces in
compact 3-manifolds arising in the examples are classified. The mapping class
groups of these compact manifolds are studied in §7. The mapping class groups
of the genus two and genus one examples are computed in §8 and §9, respec-
tively. Section 10 shows how to embed torus bundle groups in the mapping
class groups of periodic genus one Whitehead manifolds.

The author thanks the Department of Mathematics of The University of
Texas at Austin for its hospitality during the preparation of this paper.

2. DEFINITIONS, NOTATION, AND STATEMENTS OF THEOREMS

We shall work throughout in the C>° category. The reader is referred to [Hi]
for basic differential topology and to [He and Ja] for basic 3-manifold topology.

If X is an orientable manifold and 4 is a submanifold of X, then
Diff(X, A) denotes the group of orientation preserving difftomorphisms # of
X such that h(A) = A. It is given the weak C> topology and has basepoint
the identity map of X . A path A, in Diff(X, A) is called an (ambient) isotopy
and its endpoints are said to be isotopic. It is not assumed that one endpoint
is the identity. If B is a submanifold of X, then an isotopy A, is constant
on B if h,(x) is constant in ¢ for each x € B and is fixed on B or rel B if
h;(x) = x for each x € B and all ¢. Two submanifolds F and G of X are
isotopic if there is an isotopy 4, with Ay the identity and A(F) =G.

The group mo(Diff( X, A)) is called the mapping class group of (X, A) and
is denoted # (X, A). The isotopy class of a diffeomorphism # is denoted [4].
Square brackets will also be used at times to denote homotopy classes, but the
meaning will be clear from the context.

Let W be an irreducible, contractible open 3-manifold. W will be called
a Whitehead manifold. An exhaustion for W is a sequence V = {V,},>0 of
compact, codimension-zero submanifolds of W such that W =J,5, Vs, 0Vs
is connected, and ¥, C int(V,,;) for all n > 0. Every W has an exhaustion.
The genus of V is max{genus(0V,)}; it is either a nonnegative integer or
oo. The genus of W is min{genus(¥)}, taken over all exhaustions of W .
The unique W of genus zero is R3. Let S, = 8V, for n > 0. Let X, =
Vo —int(Vy—y), 0:X, =S,,and 0_X, =S,_; for n>1.

Consider the following conditions on an exhaustion V :

(1) S, is incompressible in W —int(};) forall n > 0.

(2) No S, is a 2-sphere.
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(3) No X, is a product I-bundle or a Seifert fibered space.

(4) Either genus(S,) =1 forall n >0 or genus(S,) > 1 forall n>0.

If W has an exhaustion satisfying (1), then W is eventually end-irreducible.
Every Whitehead manifold of finite genus has this property [Br]. Every even-
tually end-irreducible Whitehead manifold other than R3? has an exhaustion
which also satisfies (2). There is a subsequence of such an exhaustion which in
addition satisfies (3) and (4). An exhaustion is called good if it satisfies all these
conditions.

Suppose W has a good genus one exhaustion V' . Let F, be the canonical 2-
manifold of X, . (See the Splitting Lemma of [Ja-Sh] or Lemma 2.5 of [My2].)
V is very good if it satisfies the following conditions:

(i) No component of F, bounds a solid torus V, in W with V,_, =V,
null-homotopic.
(i) The component of the manifold obtained by splitting X, along F,
which contains S, is anannular and atoroidal.
(i) ¥V, — V41 is null-homotopic for all n > 0.

(In the definition of very good given in [My2] condition (i) is incorrectly
stated. With the corrected definition given here all the results of [My2] are
valid.)

By Lemma 2.7 of [My2] every genus one Whitehead manifold admits a very
good genus one exhaustion. Note that a genus one exhaustion V' which satisfies
(iii) and has the property that each X,, is anannular and atoroidal is very good.

Returning now to the general case of a good exhaustion V' of a Whitehead
manifold W, let h € Diff(W). h is eventually carried by V if there exist
N >0 and s > —N such that A(V,) = V,,s forall n > N. If s =0, then &
eventually preserves V . If s # 0, then h eventually shifts V and h is called
a shift of V with shift constant s and initial index N . If V admits a shift let
o = min{s}, taken over all shifts with positive shift constant s. Any shift with
s = o is called a minimal shift of V , and V is said to be periodic with period
g.
This paper is about the subgroup #Z (W ; V) of # (W) consisting of those
isotopy classes represented by diffeomorphisms which are eventually carried by
V . In general it is a proper subgroup, but there is an important special case in
which it is not.

Theorem 2.1. If V is a very good genus one exhaustion of the Whitehead man-
ifold W, then Z(W)=Z(W V).

Proof. This is an immediate consequence of Lemma 3.3 (the Shift Lemma) of
[My2]. O

Returning again to the general case, the study of Z (W ; V') proceeds by first
determining the structure of the subgroup & (W ; V) of #Z (W ; V) consisting
of those isotopy classes having representatives which eventually preserve V'
and then examining the effect of shifts. & (W ; V') is the nested union of the
sequence of groups Zy(W; V), where Sn(W; V) consists of those classes
having representatives A such that hA(V,) =V, forall n > N. For P> N,
let gn p: En(W; V) — Zp(W; V) be the inclusion homomorphism. Note that
although the diffeomorphisms used to define these groups in some sense respect
the exhaustion, the isotopies between them need in no way do so.
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If one requires the isotopies to respect the exhaustion, then one gets a new
collection of groups, as follows. Let Ay(W; V) = Z(W,U,>ySn). This
is the group of orientation preserving diffeomorphisms of W which preserve
each ¥, modulo isotopies which preserve each V,, for n > N. There is
a homomorphism gy: Fy(W; V) — Z (W) which allows isotopies that need
not respect the exhaustion; the image of gy is Ey(W; V). For P > N there is
a restriction induced homomorphism fy p: In(W; V) —» (W ; V). Clearly
grofnp = fnpogn. Let F(W; V) be the direct limit of the sequence
{SnW; V), fn,p}. This group can be interpreted as the group of orientation
preserving diffeomorphisms of W which for some N preserve each V, for
n > N modulo isotopies which for some P > N preserve each V, for n > P.
Let g be the homomorphism of direct limits induced by the gy .

Theorem 5.1. q: F (W, V) > Z(W V) is an isomorphism.

This theorem essentially says that diffeomorphisms which eventually preserve
the exhaustion and are isotopic are isotopic by isotopies which eventually (but
usually later) preserve the exhaustion.

For the practical computation of these groups it is necessary to consider yet
another sequence of groups. Let & y(W; V) be the subgroup of #(Vy) x
[Tronii #(Xn, Sp) consisting of those sequences ([/,]) such that the restric-
tions of A, and h,,; to S, are isotopic, for all n» > N. There is an obvi-
ous epimorphism ry: Fy(W; V) - F n(W; V). For P> N one can define
TN‘ p: g NW; V) — F p(W; V) by piecing together diffeomorphisms repre-
senting the first P—N+1 terms of a sequence in Z y(W ; V) to obtain a diffeo-
morphism of Vp and then taking its isotopy class as the first term of a sequence
in Fp(W; V). Itturns out that [y p is well defined and rpofy, p = fy porn.
Let & (W; V) be the direct limit of the sequence {F y(W; V), fy p}, and
let r be the homomorphism of direct limits induced by the ry .

Theorem 5.7.
(1) If genus(V) > 1, then r: F (W ; V) —F (W, V) is an isomorphism.
(2) If genus(V) = 1, then there is an exact sequence

0-DW,V)-F W, V)LFW;V)-1,

where D (W, V) = [[2Z* @y Z?, and the nth coordinate of
{(an, bn)} corresponds to a Dehn twist about S, with trace (a,, b,).

If G is a group and y is an automorphism of G let G x, Z denote the
semidirect product of G and Z with respect to v , i.e., the elements of Gx,Z
are those of G x Z, and the multiplication is given by (g, ny) : (g2, n2) =
(&1 - w™(&), m + ny). A homomorphism a: G x, Z — G’ x, Z is said to
preserve the semidirect product structure if & restricts to the identity Z — Z and
to a homomorphism a: G — G’ such that ¥’ oa = ao . Any homomorphism
a: G — G’ having this property induces a homomorphism é&: Gx,Z — G'x ' Z
which preserves the semidirect product structure.

Theorem 5.13. Suppose V is periodic of period o with minimal shift h. Then
conjugation by h induces automorphisms y , &, and & of S(W V), F (W V),
and F (W ; V), respectively, having the following properties.

(1) ZW;,V)=Z(W;V)x,Z, with L generated by [h].
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(2) g: F W, V)->Z(W,; V) induces an isomorphism
GFW V)xeZL->Z (W5 V)x, L
which preserves the semidirect product structure.
(3) r:FW;V)—>F (W, V) induces an epimorphism
FFWV)xeZ—-F (W, V) xz Z
which preserves the semidirect product structure.
(i) If genus (V) > 1, then 7 is an isomorphism.

(ii) If genus (V) = 1, then keri = D (W ; V) and & restricts to an
automorphism of (W ;, V') given by
g

A\

¢({(ao, bo), (a1, b),...) ={(0,0),...,(0,0), (a, bo), (@i, by), ...}

For one of the examples all of this becomes very simple.

Theorem 8.1. There is a genus two Whitehead manifold W with a good genus
two exhaustion V of period ¢ = 1 such that # (W) = Z(W,V)
(Zy ® Zy) x¢ L, where & interchanges the summands of Z, ®Z,. O

For the other example things are a bit more complicated.

Theorem 9.1. Let W be the classical Whitehead manifold [Wh]. W has a very
good genus one exhaustion V of period o = 1 with the following properties:

(1) ZW)=FZ(W;V)2F(W;V)x: L.
(2) There is an exact sequence

0= DWW V)= F W V)xe LLF (Wi V) xzZ— 1,

where kert = DW;V) = [[2,2Y/ @L,2, FW;V) =
[The0Z2/ @pepZ2, and 7 preserves the semidirect product structure.
(3) & restricts to the automorphism of (W ; V) given by

é({(aO: bO)’ (a|9 bl), "'})= {(Oa 0)’ (aO’ bO)» (al> bl)’ }

(4) Forc={c,} €eFW; V), E{co,c1,...})={0,¢c0,¢1,...}.
(5) Forevery ce F (W V) such that r(c) =<, and for each {(ay, bn)} €
W, V),

c{(@n, ba)ye™" = {(=1)(an, bn)}.
(6) For every e F (W V) there exists c € F (W ; V) such that r(c) =¢

and | |
+ (= 1)
= {1 e}

The element ¢' of F (W ; V) satisfies r(c') = r(c) and (c')? = ¢* if
and only if ¢ and ¢’ differ by an element of I (W ; V) of the form

{‘—‘—(zil)fi(a,,, b,,)}.

(7) There is an involution y of W such that r([y]) ={(1,1,1,...)}. The
finite subgroups of (W) are precisely the Z, subgroups generated by
elements of the form [y){(a,, bn)}. Each of these elements is represented
by an involution of W .
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Thus the classical Whitehead manifold admits uncountably many nonisotopic
involutions.

Finally, there is the fact that mapping class groups of Whitehead manifolds
can contain fundamental groups of closed, aspherical 3-manifolds.

Theorem 10.1. Let W be a periodic genus one Whitehead manifold. Then for
every torus bundle M over the circle there is a subgroup of # (W) which is
isomorphic to n;(M).

3. SURFACE PRESERVING ISOTOPIES

Let Y be an irreducible, orientable 3-manifold and let S be a closed, con-
nected, orientable surface in Y . S is not assumed to be incompressible in Y .
Let & be a diffecomorphism of Y such that A(S)=S.

Theorem 3.1. Suppose h is isotopic to the identity and that there is an irreducible
3-dimensional submanifold M of Y which contains the track of S under the
isotopy and in which S is incompressible. If S is not a fiber in a fibration of M
over the circle and S does not bound a submanifold of M diffeomorphic to a
twisted I-bundle over a closed surface, then the given isotopy is path homotopic
in Diff(Y) to an isotopy h, such that h(S)=S forall t€[0, 1].

In the course of the proof 4 may be changed by an isotopy which preserves
S and one isotopy may be replaced by another. To avoid excessive notation
the new maps will often be given the same names as the old maps.

The main tool in the proof is a theorem of Laudenbach, stated below, about
paths of surfaces in a 3-manifold. To apply this theorem one needs to use some
results of Cerf and Palais about spaces of embeddings. Let S be a smooth,
closed, connected submanifold of a smooth manifold X . (In the applications
S will be the surface above and X will be M or Y.) Give the set of smooth
embeddings Emb(S, X) the weak C> topology [Hi]. By Théoréme 1 on page
114 of [Ce] or Theorem C on page 310 of [Pa] the restriction map r: Diff(X) —
Emb(S, X) is a fibration. Diff(S) acts on Emb(S, X) by precomposition. Let
Im(S, X) be the quotient space. Then by Théoréeme 3 on page 114 of [Ce] the
quotient map ¢: Emb(S, X) — Im(S, X) is also a fibration.

Now let S be a closed, connected, orientable, incompressible surface in the
irreducible, orientable 3-manifold M. Let T be another such surface in M
which is disjoint from S. Suppose S; is a path in Im(S, M) with Sp = S
and S;NT =2 and s, is a path in M with 5, € S, forall ¢t €0, 1].

Theorem 3.2 (Laudenbach). If [s,] is trivial in n\(M , M —T, s), then [S;] is
trivial in 7, (Im(S, M), Im(S, M - T)).
Proof. This is Théoreme 7.3 on page 50 of [La]. O

Now suppose that f; is a path in Emb(S, M) with f the inclusion map,
£i(S) =S, and fi(s0) = s0. Let a(t) = fi(so) .

Corollary 3.3. If [a] € (fo)«(m1(S, 50)), then f, is path-homotopic to f] such
that f;(S)NT =o.

Proof. Theorem 3.2 applied to S, = f;(S) and s, = f;(so) gives a homotopy
St,u with §; o = S; and with Sy ,, S, 1, and S, , all disjoint from 7T . Let
fi,u be the lifting of S, , to Emb(S, M) with f, o = f;. The product of
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the paths fy ,, f,1, and 71’, is the required f/. (For a path B, B(t) =
B(1-1t).) O

Now assume that 7T is a disjoint parallel copy of S in M and that f; isa
path in Emb(S, M) with f; the inclusion map and fi(S) =S

Lemma 3.4. If f;(S)NT = &, then f, is path-homotopic to f] such that f/(S) =
S.

Proof. Let C = S x [0, 1] be embedded in M so that S x {0} = S and
S x {1} = T. By the isotopy extension theorem there is a path g; in Diff(M)
such that gp is the identity, the restriction of g, to S is f;, and the restriction
of g, to T is the identity. Then g;(C) = C. It follows from Lemma 3.5 of
[Wa] that the restriction of g; to C is isotopic rel C to a level preserving
diffeomorphism. Thus one may assume that g,(x, u) = (l,(x), u) for some
path [, in Diff(S).

Now let k, be a path in Diff(M) which pushes S across C to T through
levels, i.e., kg is the identity and k,(x, 0) =(x, u) for x € S and u € [0, 1].

Let h, , = k; !0 g ok, . This is a free homotopy of paths in Diff(Mf) with
hy.0o = & and hy , the identity. One computes that

he1(S) = (k' o groky)(S) = (k' o g)(T) =k (T) =S
and

hi,u(S) = (k; ' o g10k,)(S) = (k' 0 g1)(S x {u}) = k' (S x {u}) =
Let r,,, be the restriction of A, , to S. Then the product of the paths
ro.rs":,1,and 7y , is the required f/. O

In order to apply the previous two results in the proof of Theorem 3.1 it
must be checked that the hypothesis of Corollary 3.3 holds.

Lemma 3.5. Suppose S is not a fiber in a fibration of M over the circle and
does not bound a submanifold of M diffeomorphic to a twisted I-bundle over a
closed surface. If f; is a path in Emb(S, M) such that fy is the inclusion map
and fi(so) = so, then [a] € (fo)+(m1(S, ) -

Proof. By the isotopy extension theorem there is a path g, in Diff(M) such
that go is the identity and the restriction of g to S is f;. Let p: M- M
be the covering space with p.(m (M, 5)) = (fo)«(71(S, So)) . Lift g to a path
& in Diff(ﬁ) with 2, the identity. o lifts to a path & with &(f) = &/(so) .

If & is a loop, then one is done, so assume (0 ) # @(1). Then a(O) and
&(1) lie in distinct components So and S1 of p~I(S). gl(So) S. , SO So
and Sl are ambient isotopic and are therefore parallel (Corollary 5.5 of [Wa]);
let Sp x [0, 1] be embedded in M with So x {0} = So and S x {1} = S).
By Corollary 3.2 of [Wa] all the components of p~!(S) meeting this product
are isotopic to horizontal surfaces. Thus there is a component S such that
SOUS bounds a product /-bundle C whose interior misses p~I(S). C covers
a component C of the manifold obtained by splitting M along S. C is either
a product I-bundle over S or a twisted I-bundle over a closed surface double
covered by S. (See e.g. Theorem 10.5 of [He].) It follows that either M is an
S-bundle over the circle or S bounds a twisted /-bundle over a closed surface,
a contradiction. O
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Proof of Theorem 3.1. Let h, be a path in Diff(Y) with A the identity, h; = h,
and h,(S) € M. Choose a basepoint s, € S. By changing 4 by an isotopy
which preserves S one may assume that A(sp) = so.

Let f; be the restriction of A, to S, regarded as a path in Emb(S, M). By
Lemma 3.5, [a] € (fo)«(m1(S, So)) . If T is any closed incompressible surface in
M disjoint from S, then by Corollary 3.3 one may assume that f,(S)N7 = 2.
In particular, taking T to be a disjoint parallel copy of S in M , one may then
assume by Lemma 3.4 that f;(S)=S.

Now regard the path homotopies which make these changes in f; as taking
place in Emb(S, Y). They lift to path homotopies in Diff(Y) which change
ht so that h[(S) =S5. 0O

4. EXHAUSTION PRESERVING ISOTOPIES

Theorem 4.1. Let V' be a good exhaustion for W . Let h be a diffeomorphism
of W such that for some N >0, h(Vy) =V, forall n > N. Assume h is
isotopic to the identity. Then there exists P > N and an isotopy h, with hy the
identity and hy = h such that h,(V,) =V, forall n> P.

In the course of the proof a slightly stronger result will be established which
will be needed later. The statement of this result requires some more notation.

For n > 0 let C;} be a collar on S, in X,y;. For n > 1 let C; be a
collar on S, in X,. Let C; be a collar on Sy in V. Let C, = Cf UGy
be parametrized as S, x [-1, 1], with S, x {0} = S,, S, x [0, 1] = C;}, and
Sy x[-1,0] = C;. Let Sf =S, x {£1}. Let X? = X, —(C, UC;_,) for
n>1,andlet V) = Vp-C;. Let Zpy = Upom(Sn USF)UU,sm Sy and
Fm=CLUU,omCn-

By the isotopy uniqueness of collars /# can be isotoped rellJ, 5 S» so that
h(Cy) = C, for n > N, h(C};) = C}, and on each of these collars h(x, u) =
(h(x), u) for x € S,, n > N. If h has this property it is called standard on

collars.
Theorem 4.1 is then a consequence of the following.

Theorem 4.2. Suppose h is a diffeomorphism of W such that h(Zy) = Xy, h
is standard on collars, and h is isotopic to the identity. Then there isa P > N
and an isotopy h, with hy the identity, hy = h, and h(Zp) =Zp.

n>m

We shall begin with an arbitrary isotopy 4, of & to the identity and, after
modifying it, rename it 4, .

Lemma 4.3. There isa P > N and an isotopy h; path-homotopic to h, such
that h;(Sp) = Sp.

Proof. Thereisa P > N such that 47 !(Vy) Cint(Vp). Let M = W —int(Vy),
Y =W ,and S =Sp. Then h,(Sp) C int(M). Since M is not a closed surface
bundle over a circle and no component of M — Sp has as closure a twisted
I-bundle over a closed surface, the result follows from Theorem 3.1. 0O

It will now be assumed that 4,(Sp) = Sp.

Lemma 4.4. Let Ty, and T, be distinct components of Xp such that Ty is
contained in the compact submanifold of W bounded by T,. Let Y; be the
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noncompact submanifold of W bounded by T;. Let X be the compact sub-
manifold of W bounded by Ty U T,. Suppose k, is a path in Diff(Yy) with
ko the identity and k\(T\) = T\. Then k, is path-homotopic to k, such that
k,(Ty\) = T, . In particular the restrictions of k; to X and to Y, are isotopic to
the identity.

Proof. Apply Theorem 3.1 with M =Y =Y,, S =T, and k, in place of
h,. O

It is an immediate consequence of Lemmas 4.3 and 4.4 that the restrictions
of h to Vp, C§,Ct,Cr, X0, and X,, n> P, are isotopic to the identity.
Note, however, that since the restrictions of k; and k; to Ty in Lemma 4.4
need not agree, these isotopies need not fit together to give the isotopy promised
in the theorem. Some care is required to do this.

Lemma 4.5. There is an isotopy d, such that d,(Xp) = Xp, d = dy has support
in T'p and is level preserving in T'p, and d, =h.

Proof. By Lemma 4.4 the restriction of £ to W —int(I'p) is isotopic to the
identity. Define d; on W —int(I'p) to be an arbitrary isotopy which accom-
plishes this.

Given some C;, n > P, let r, be the restriction of d; to S;}. Using
the product structure r, determines a product isotopy on C;} and so can be
regarded as a path in Diff(S,). Since 4 is standard on collars, r; is the re-
striction of A to S,. Let 7, = r_,. The contractibility of the loop r, -7,
gives a homotopy ¢;,, in Diff(S,) such that ¢, o and ¢, , are each the re-
striction of A to S,, ¢,y = r, and ¢y, = 7,. Define d; on C;} by
di(x, u) = (¢,u(x), u). Then do(x, u) = (co,u(x), u) = (Fu(x), u) and so
is level preserving. d(x, u) = (¢ 4(x), u) = (h(x), u) = h(x, u). di(x, 1) =
(¢r.1(x), 1) =(r(x), 1) and so agrees with d, as previously defined on S;' .

Since d;(x, 0) = (¢;,0(x), 0) = (h(x), 0), one can give a similar construction
of d, on C, which is compatible on 9C, .

For C} onelets Sp x {3} play the role of S, and proceeds as above. O

To prove Theorem 4.2 it is now sufficient to show that the restriction of d
to I'p is isotopic to the identity reldI'». The proof divides into two cases
according to whether V' has genus greater than or equal to one.

Lemma 4.6. If genus(V') > 1, then the restriction of d to I'p is isotopic to the
identity via a level preserving isotopy which is fixed on oTp.

Proof. Consider d on C,, n > P. Since d is level preserving d(x, u) =
(lu(x), u) for some path /, in Diff(S,) parametrized by [—1, 1]. Since d is
the identity on 8C,, [, is aloop in Diff(S,) based at the identity. genus(S,) >
1 implies that z;(Diff(S,)) is trivial [Ea-Ee] and so there is a homotopy /, ,
with [, y =1,,and [, o, lo.,, and [/, , the identity of S,. Define d;, on C,
by dl/(x7 u) = (lu,l(x)9 u) .

A similar argument can be used for C;. O

In the genus one case d consists of Dehn twists about the tori S,,n >
P. Recall that if T isatorusand C =T x[-1, 1], where T = T x {0},
then a Dehn twist in C is a level preserving difftomorphism f of C which
is the identity on 8C. f is thus determined by an isotopy of the identity
of T to itself. The motion of the basepoint under this isotopy gives a loop
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whose homotopy class in 7;(7) is called the trace of f. Using the analogue of
Laudenbach’s results in one lower dimension one can show that f is classified
up to level preserving isotopy rel P by its trace. More generally it can be
shown that every diffeomorphism of C which is the identity on 8C is isotopic
rel 8C to a Dehn twist, and that such diffeomorphisms are classified up to
isotopy rel dC by their traces. Thus the mapping class group of C rel 9C is
isomorphic to 7, (T) = Z?.

If C is incompressibly embedded in a 3-manifold M, then a diffeomor-
phism, also denoted f, of M with support in C can also be considered a
Dehn twist about T in M. It may happen that f is isotopically trivial al-
though its restriction to C is isotopically nontrivial in C rel §C. However,
this occurs only if T cuts off a Seifert fibered space from M . This fact is well
known, but a reference is difficult to find in the literature. Therefore we shall
give a proof in the following special case which arises in the present context.

Lemma 4.7. Let M be a compact, connected, orientable, irreducible 3-manifold
having two incompressible boundary components Ty and T, . Suppose T is an
incompressible torus in M which separates Ty from T,. Let C be a regular
neighborhood of T supporting a Dehn twist f about T . Let Q; be the compo-
nent of M — C containing T;. Suppose neither Q; is a Seifert fibered space. If
f is isotopic to the identity of M, then its restriction to C is isotopic rel 0C
to the identity of C.

Proof. Let f, be an isotopy with fy the identity of M and f; = f. Let
y={p}x[-1,1] forsome pe T. Let d = f(y). Then [07] € n,(C) = n\(T)
is the trace of f, so it suffices to show that it is trivial.

Choose basepoints x; € T; and paths ¢; in Q; from x; to yNQ;. Parame-
trize Y€, by u. Let «;(t) = fi(x;). The application of f; to &ye, gives a
homotopy 0,,,, with 00,,, = &Y€, 01,,4 = g€y, 0,,0 = ag, and 0,,1 = .
Thus if each [«;] is trivial in 7,(T;, Xx;) it follows from the incompressibility
of T that [67] is trivial in 7;(T).

Suppose some [«;] is nontrivial. Then it has infinite order in 7,(Q;). Let g
be a loop in Q; based at x; and parametrized by s. The application of f; to
B gives a homotopy w; s with w; o=, = a;(f) and wy ; = w5 = B(s).
Since T is incompressible this homotopy can be deformed into Q;. Thus [«;]
and [B;] commute in 7;(Q;) and so this group has an infinite cyclic central
subgroup and therefore Q; is Seifert fibered (see Corollary 12.8 of [He]), a
contradiction. O

We now return to the genus one version of Lemma 4.6.

Lemma 4.8. If genus(V) = 1, then the restriction of d to each C,, n> P, is
isotopic to the identity via a level preserving isotopy which is fixed on 8C,, and
the restriction of d to VpUCg is isotopic to the identity via an isotopy which is
level preserving on Cp and is fixed on S} .

Proof. Let n > P. Recall that d is isotopic to 4 via an isotopy which preserves
Xp. By Lemma 4.3 £ is isotopic to the identity by an isotopy which preserves
Sp. Therefore d is isotopic to the identity by an isotopy which preserves Sp.
By Lemma 4.4 the restriction of d to the noncompact manifold bounded by
Sp is isotopic to the identity by an isotopy which preserves S;_, . By a second
application of Lemma 4.4 the restriction of 4 to the compact manifold X
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bounded by S}_ US;., is isotopic to the identity. Since X = XJUC,UX?

n+1°2
X? and X),, are not Seifert fibered, and the restriction of d to X9 U X?,,
is the identity, it follows from Lemma 4.7 that the restriction of d to C, is
isotopic rel dC, to the identity.

VpUCY is a solid torus with a collar attached to its boundary. If the restric-
tion of d to C} is not isotopic to the identity rel C7 , then one can perform
an isotopy of the identity of Vp to itself which can be extended by a level

preserving isotopy of the restriction of d to C{ to the identity rel S§. O

Lemmas 4.6 and 4.8 complete the proof of the theorem.
For later reference we point out the following consequence of Lemma 4.8
and its method of proof.

Lemma 4.9. Let V be a good genus one exhaustion of W . Suppose g is a
diffeomorphism of W which consists of Dehn twists about the S, .
(1) Let P > 0. Then g is isotopic to the identity via an isotopy which
preserves each V,, n > P, if and only if each of the Dehn twists about
Sn, n> P, is isotopically trivial in C,reldC,.
(2) If g is isotopic to the identity, then there exists a P > 0 such that
g is isotopic to the identity via an isotopy which preserves each Vj,
n>P. O

5. THE STRUCTURE OF Z (W ; V)

Recall that Fy(W; V) =#Z (W ; U,>y Sx) and that F (W ; V) is the direct
limit of the system of restriction induced homomorphisms fy p: Fn(W; V) —
Fp(W; V). The homomorphism gy: Fv(W; V) — #Z (W) is obtained by
allowing isotopies which need not respect V' and has image Zy(W ; V). The
group Z(W; V) is the nested union of the Zy(W ; V) under the inclusion
maps gy.p. Let fn: In(W; V) > F (W, V) and gn: En(W V)G (W, V)
be the maps into the direct limits. It is clear that gpo fy p = gv pogny and so
there is a homomorphism q: # (W ; V) - Z(W; V) such that go fy = gnogq .
Theorem 5.1. q: & (W, V) - Z(W; V) is an isomorphism.

Proof. Let Zn(W ; V) =kergy. For P > N one has the following commuta-
tive diagram, where ky_p is the restriction of fy p.

I - FwW;V) - S V) B s, v) - 1

Lhnp L fvr Lene

1 - BW;V) - HW;V) & GWw; V) - 1
Since the rows are exact, passing to the direct limit gives the following exact
sequence.

1 - FW, V) FW, VLW, V) 1.

The next lemma implies that Z (W ; V') is trivial and thus that ¢ is an iso-
morphism. 0O

Lemma 5.2. %N(W; V) = Up>NkerfN,P'

Proof. Since gpo fy p = gy it is clear that the first group contains the second.
If gn([A]) is trivial, then by Theorem 4.1 there isa P > N such that fy p([h])
is trivial, and thus the second group contains the first. O
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Let 25 (W ; V) be the subgroup of Fy(W ; V') consisting of isotopy classes
having representatives which are the identity outside a regular neighborhood
of U,snSn, i.€., those with support in |J,,y C». This group will be written
additively.

Lemma 5.3. fy p(ZL(W; V) =Dp(W; V).

Proof. If genus(V) > 1, then by Lemma 4.6 93 (W ; V) = 0. If genus(V)
= 1, then as in the proof of Lemma 4.8 the restriction of a representative
diffeomorphism of Z},(W; V) to Vp U C} is isotopic to the identity rel S3
and thus the first group is contained in the second. The reverse inclusion is
obvious. O

Let Z'(W; V) be the direct limit of the Z; (W ; V) under the restrictions
of the fx P

Lemma 5.4.
(1) If genus(V) > 1, then Z'(W, V) =0.
(2) If genus(V) =1, then D'(W; V) 2 [0 2%/ @DpeyZ?, where the nth
coordinate of {(a,, by)} corresponds to a Dehn twist about S, with trace
(an, by) .

Proof. (1) This follows from (W ; V) =0.
(2) Lemma 4.9 implies that

P 00
DLW V) Hz2 IT z2x ] 2
n=N+1 n=N+1 n=P+1
and that fy p is projection onto the second of these factors. It is then easily
checked that the direct limit of this system is isomorphic to [[;2oZ?/ ;20 Z?
and that the coordinates have the stated interpretation. 0O

Recall that F y(W; V) is the subgroup of Z (Vi) x5y, (Xn, Su) con-
sisting of those sequences ([4,]) such that the restrictions of 4, and h,,, to S,
are isotopic for n > N . Restriction induces a homomorphism ry: Fy(W; V)
SFNW V).

For P > N there is a homomorphism fy p: Fn(W; V) — Fp(W; V)
defined as follows. For n > P, [h,] remains the same. Choose any repre-
sentatives hy, ..., hp for [hn], ..., [hp]. These determine diffeomorphisms
hS, ..., hS of VQ, ..., X3. The fact that the restrictions of A, and h,4; to
S, are isotopic implies that one can extend the 49 to the regular neighborhoods
Cn,...,Cp_y,aswellasto Cp , thus giving a diffeomorphism A}, of Vp. Let

7N,P([hN]’[hN+1],'~"[hP]a[hP+I]a°“) ([h ] [hP+|] )

Lemma 5.5. fy p is well defined and rpo fy p= fy pory.

Proof. If genus(V') > 1, then a different choice of representatives would yield a
diffeomorphism A} of Vp suchthat hjo(hp)~! is isotopic to a diffecomorphism
which is the identity on ¥ U XJ,, U---U X3. As in the proof of Lemma
4.6 the fact that =, (Diff(S,)) is trivial enables one to continue to isotop this
diffeomorphism to the identity, so that [A}] is well defined.

If genus(V) = 1, then since Vp is a solid torus the isotopy class of A} is
determined by that of its restriction to Sp, and so [hp] is well defined.
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The remainder of the lemma is easily checked. O

Thus there is a homomorphism g?’(W; V)_—» F (W V), where ?(W; V)
is the direct limit of the system {F N(W V), fu p}.

Lemma 5.6. 0 —» 2,(W; V)= R(W;V)BFNW;V)— 1 is exact.

Proof. The definition of & n(W ; V) implies that ry is onto. Any represen-
tative of an element of (W ; V) restricts to diffcomorphisms of Vy and
X., n > N, which are supported in collars on the boundaries and are there-
fore isotopically trivial. If ry([4]) is trivial, then the restrictions of 4 to Vy
and to X,, n > N, are isotopically trivial. %4 can be isotoped so as to be
standard on collars and the identity on Vy U Cy, . It can then be further iso-
toped as in the proof of Lemma 4.5 so that it has support in |J,, 5 C», and so
[Mle2ZL,(W; V). O

Theorem 5.7.

(1) If genus(V) > 1, then r: F(W; V) —F (W, V) is an isomorphism.
(2) If genus(V) = 1, then there is an exact sequence

0-DGW V) sFW . VYLFW;,V)-1,

where D (W, V) = [[0202?/ @,o0Z?, and the nth coordinate of
{(an, by)} corresponds to a Dehn twist about S, with trace (an, by).

Proof. Passing to the direct limit gives an exact sequence
0D W, V)=F W, V)L FW;,V)- 1.

Lemma 5.4 then completes the proof, with (W ; V) = Z'(W; V) in the
genus one case. O

We now consider manifolds with periodic exhaustions.

Lemma 5.8. Every shift is isotopically nontrivial.

Proof. Suppose h is an isotopically trivial shift with shift constant s. By
replacing £ by h~!, if necessary, we may assume s > 0. Let A, be an isotopy
with ho the identity and 4, = k. Choose n such that A7 !(V;) C int(V,).
Then A, (S,) € W—int(Vp) . Restricting A, to S, gives a homotopy between the
inclusion map of S, into W —int(};) and an embedding of S, into W —int(¥;)
whose image is S,.;. Disjoint, incompressible, homotopic closed surfaces in
an irreducible 3-manifold are parallel [Wa]. It then follows from the fact that
closed incompressible surfaces in a product I-bundle are isotopic to horizontal
surfaces [Wa] that X,, is a product /-bundle for n+1 < m < s, contradicting
the fact that V' is a good exhaustion. O

Now suppose that 4 is a minimal shift of V' with shift constant ¢ and initial
index Ny. Let N > Ny. Then it is easily checked that A - Diff(W, U,y Sh) -

h=!' = Diff(W, U,> w4+ Sn) in Diff(W). Thus the map g — hogoh™! induces
homomorphisms wy: Gv(W; V) — Enie(W; V) and Ey: Fy(W; V) —
Fnio(W; V). The proofs of the statements in the next lemma are straight-
forward.
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Lemma 5.9.

(1) wn and &y are isomorphisms.
(2) WpogN.P=8N+o,PraoWn and Epo fy p= fNio, Pia 0&N.
(3) Wnodn =dniooln.
(4) The Yy and &y induce automorphisms y of E(W; V) and & of
F (W V) such that goé =wyogq.
(5) q induces an isomorphism
GFWV)xeZ->ZG(W; V)%, Z,

which respects the semidirect product structure. O

h also induces a homomorphism &y: Fn(W; V) - Fy.o(W: V), given
by

EN([gN]a [gN+l]a ey [gn]a )
=(lhognoh™ ', [hognsioh ], ..., [hogsoh™!],...).
The following properties are easily verified.

Lemma 5.10. (1) &, is an isomorphism.

(2) éP°fN P -fN+a P+a O8N -

(3) Eyorn=rnigoln.

(4) The &y induce an automorphism & of F (W ; V) such that ro& = Eor.
(5) r induces an epimorphism

FFW V)¢ ZL—F (W3 V) xzZ,
which preserves the semidirect product structure.
Lemma 5.11. kerg =kerq=2'(W; V).
Proof. This follows from Theorem 5.7 and Lemma 5.9(5). 0O

Lemma 5.12. Suppose genus(V) = 1. Then & restricts to an automorphism of
D (W V) given by

o
A

¢({(ao, bo), (a1, by), ...} ={(0,0),...,(0,0), (a0, bo), (a1, br), ... }.

Proof. Orient W . Then orient each S, by an outward pointing normal. There
is then an ordered, oriented meridian-longitude pair (m,, /,) on each S, which
is unique up to isotopy. (/, bounds in W —int(¥;).) This determines a choice
of coordinates for the group of Dehn twists about S, . Since, up to isotopy,
h carries (my, ;) to (Muig, Inyo), & carries a Dehn twist about S, to a
Dehn twist about S,., having the same coordinates. Thus the effect of ¢ on
(W, V) is to shift a representative sequence o places to the right. Since we
are working modulo direct sums the exact values of the first Ny + ¢ terms do
not matter and so may be assigned as stated. O

In summary, these lemmas establish the following result.
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Theorem 5.13. Suppose V is periodic of period o with minimal shift h. Then
conjugation by h induces automorphisms v, &, and € of (W, V), F (W V),
and F (W ; V), respectively, having the following properties.
(1) ZW,V)=FZ(W;V)x,Z, with L generated by [h].
(2) q: F (W, V)—>Z(W,; V) induces an isomorphism
GFW V)x:Z—>ZW;V)x, L

which preserves the semidirect product structure.
3) r:FW,;V)->F (W, V) induces an epimorphism

[:F Wi V)L F (W3 V) £ Z,

which preserves the semidirect product structure.
(i) If genus(V) > 1, then 7 is an isomorphism.
(ii) If genus(V) = 1, then keri? = D (W ; V) and & restricts to an
automorphism of (W, V) given by

a
A
ls ~

f({(ao, bO)a(al9bl)9"'})={(0’0)""’(0’0) ,(ao, bO)’(al,bl)""}'

6. INCOMPRESSIBLE SURFACES IN CERTAIN COMPACT 3-MANIFOLDS

In this section we consider two compact 3-manifolds X and X’. Copies of
these manifolds will appear as the manifolds X, associated to exhaustions V
of certain Whitehead manifolds. X will be used in §8 to construct a genus two
example; X’ will be used in §9 to construct a genus one example. The present
section classifies certain kinds of incompressible surfaces in X and X', the
results being stated in Lemmas 6.6 and 6.7, respectively. This information will
be used in §7 to compute the mapping class groups #(X,, S,) and in §§8 and
9 to show that Z(W )= (W, V).

X and X’ will be assembled from cubes with handles which are glued along
incompressible planar surfaces in their boundaries. The incompressible surfaces
of interest will be analyzed by examining how they intersect the cubes with
handles and the planar surfaces. Two incompressible surfaces which are under
consideration will generally be assumed to be in general position and to have an
intersection of minimal complexity in an isotopy class, where the complexity
is the lexicographically ordered pair (number of arcs, number of simple closed
curves). In particular, since all the 3-manifolds will be irreducible, it will be
assumed that no simple closed curves of intersection bound disks on a surface.

Before building X and X’ we will need the following general fact.

Lemma 6.1. Suppose S is a connected, incompressible, boundary-compressible
surface in the 3-manifold M. Let S’ be a surface obtained by boundary-
compressing S . If each component of S’ is boundary-parallel in M, then S is
boundary-parallel in M .

Proof. Let D be a boundary-compressing disk for S. Lete « = DN S and
B=DNOM. Let Z be a regular neighborhood of D in the manifold obtained
by splitting M along S. Thus ZNS is a regular neighborhood of « in S. Let

Dy and D, be the components of 8Z — (ZN(SUOM)). Then S’ is obtained
by replacing ZNS by DyUD;.
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FiGURE 1

Suppose S’ is connected. There is a 3-manifold Y in M homeomorphic to
S’ x [0, 1] with §' = §' x {0} and the remainder of Y contained in OM .
Z is either contained in Y or meets Y only in DyU D, . The first case cannot
occur since it would imply that S is compressible in M . The second case
implies that S is boundary-parallel in M .

Suppose S’ has two components S; and S]. Each S/ is boundary-parallel
via a product Y;, as above. Then either one product is contained in the other,
say Yy contained in Y;, and Z is contained in Y;, or the Y; are disjoint and
Z may be assumed to meet Y; in D;. The first case again implies that S is
compressible and the second that it is boundary-parallel. O

Let P; be the 3-manifold in Figure 1. It is a cube with two handles which
admits the structure of a product I-bundle, as follows. Let S; be a once-
punctured torus. Set P; = S§; x [0, 1] and G; = 9S; x [0, 1]. For i =0, 1
let S;; =S x{i}. Let {; ; be a simple closed curve and 7, ; a properly
embedded arc in §;, chosen so that for i # k, {; ; meets each of ;. j and
Nk,; transversely in a single point and is disjoint from #; ;, while #; ; and
Nk,; are disjoint. Let U; ; be a regular neighborhood of {; ; in S; ;. Let
F,',j =S,',j—U,"_,‘ and Fj =F0,jUF|’j. Let E,',j =1 X [0, 1] and Ai,j =
Ci,j X [O, 1] .

Lemma 6.2.

(1) Every disk D in P; which misses 8G; is boundary-parallel.

(2) Everydisk D in P; which meets F; in a single arc is boundary-parallel.

(3) Every disk D in P; which meets F; in exactly two disjoint arcs is
boundary-paralliel.

(4) Every disk D in P; which meets F; in exactly three disjoint arcs is
either boundary-parallel or is isotopic to some E; ; by an isotopy which
preserves Fj.

(5) Every incompressible annulus A in P; which misses dF; is boundary-
parallel.

(6) Every incompressible annulus A in P; such that ANF; is a single arc is
either boundary-parallel or is isotopic to some A; j by an isotopy which
preserves Fj .
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(7) Every incompressible disk with two holes K in P; which misses 8 F; is
boundary-parallel.

(8) Every incompressible once-punctured torus L in P; which misses 0G;
is boundary-parallel.

Proof. (1) and (2) follow from Lemma 4.7 of [Myl]. (3) follows from Lemma
4.9 of [Myl].

(4) If 8D misses, say, F; ;,then D can be isotoped so that 9D liesin Sp
and so D is boundary-parallel by (1). Hence we may assume that DN Fp ;
consists of two arcs ag, oy and DN F; ; of one arc ;. Let By be the arc in
oD joining og and af andlet B{, B! bethearcsin 0D joining a; to o, of ,
respectively. We may assume that none of these arcs are boundary-parallel. It
follows that S, is a spanning arc of Uy ; and «a; is isotopic to #; ; x {1} in
Fy j. The existence of D implies that af U By U af is isotopic to 7y ; x {0}
in Sp, ;. This isotopy can be chosen so that it preserves Uy, ; and hence Fy ;.
Thus one may assume that fo =n; ;N Uy ; and ayUay =1 ;N Fy ;. One
may further assume that B and pg{ are product arcs in G;. By Lemma
3.4 of [Wa] there is an isotopy of P; fixed on Sy, ; U G; which carries D to
m,jx[0,1]=E, ;. Since a; and n; ; x {1} are isotopic in F; ; it follows
from the proof of this lemma that the isotopy can be chosen so as to preserve
F, ;j aswellas Fp ;.

(5) This follows from Lemma 4.8 of [Myl].

(6) Let a = AN F;. We may assume that o is a non-boundary-parallel arc
in Fy ; and that the arc component 8 of 94—« is a spanning arc of U ;.
For homological reasons the simple closed curve component of 94 — a cannot
lie on Up, ;j or G; and so must lie on U; ;. y must therefore be isotopic to
{1,j x {1} in U ;. It follows that o U B must be isotopic to {; ; x {0} in
So,j . This isotopy can be chosen so as to preserve Uy, ; and hence Fy ;. Thus
one may assume that a = ({;,; x {0}) N Fy j and B = ({;,; x {0})NUp,;. By
Lemma 3.4 of [Wa] there is an isotopy of P; fixed on Sy ; UG, which carries
A to {; jx[0,1]1= 4 ;. Since y isisotopic to {; ; x {l} in U ; it follows
from the proof of this lemma that the isotopy can be chosen so as to preserve
U,,; and hence F; ;.

(7) If some component of 9K is isotopic in dP; to some (; j x {i}, then
for homological reasons a second component is isotopic to {; ; x {i} and the
third component is isotopic to 9S; ;. It follows that K can be isotoped so
that 9K lies in F; ;. If none of the components of 9K are isotopic in 9P;
to some {; ; x {i}, then again for homological reasons they are all isotopic to
0S;,j for some i and so K can be isotoped so that 9K lies in F; ;. It then
follows from Corollary 3.2 of [Wa] that K is boundary-parallel.

(8) This follows from Corollary 3.2 of [Wa]. O

Lemma 6.3. Suppose A is an incompressible annulus in P; which meets F; in
exactly two arcs ag and ay . Assume that they lie in the same component y of
0A andlet By and B, be the components of y — (agU ay). Then some ay or
some P is boundary-parallel.

Proof. Suppose ap and «; lie in, say, Fp ;. Then if some B, meets G; it
must be boundary-parallel in G;. So assume y misses G,;. Then if no ay is
boundary-parallel in Fy ; and no B is boundary-parallel in Up ;, y is homol-
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FIGURE 2

ogous in P; or £2{; ;. But the other component of 94 must be homologous
to +£{o,; to +{; ; or be homologically trivial, so this cannot occur.

Suppose «; liesin F; ;. Then the B, must be spanning arcs in G;, and «;
must miss U; j. Assuming the o; are not boundary-parallel, they must sepa-
rate the components of dU; ;. It follows that y must be homologous in P; to
{o,j +¢1,j (properly oriented). But since the other component of 94 is ho-
mologous to +{y ; or +{; ;, or is homologically trivial, this is impossible. O

Let Q; be the 3-manifold in Figure 2. It is a cube with three handles. 90,
consists of two annuli 7; and R and four disks with two holes F; o, F; i,
H; o, and H; ;. The union of the boundary components of these surfaces is
denoted J;. B; and C; are disks embedded in Q; as shown.

Lemma 6.4.

(1) Each component of 8Q; — J; is incompressible in Q;. There is no in-
compressible once-punctured torus L in Q; which misses J;.

(2) Every disk D in Q; which meets J; in at most two points is boundary-
parallel.

(3) Everydisk D in Q; which meets R in at most three arcs and is otherwise
disjoint from J; is boundary-parallel.

(4) Every incompressible annulus A in Q; such that AN R is either empty
or a single arc and A is otherwise disjoint from J; is boundary-parallel.

(5) Every incompressible disk with two holes K in Q; which misses J; is
boundary-parallel.

(6) Every incompressible disk with three holes M in Q; which misses J; is
boundary-parallel.

Proof. (1) The inclusion induced homomorphisms from the first homology
groups of each component of 9Q; — J; into Q, are one-to-one. This implies
that each of these components is incompressible in Q; (since they are all planar
surfaces) and that there are no incompressible once-punctured tori in Q; whose
boundaries miss J;.
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(2) If D misses J;, then the result follows from (1) and the irreducibility of
Q;. If DnJ; # @ it must consist of two points lying on the same component
of J;. Let o and B be the two arcs into which the intersection divides 8D .
If one of these lies in 7; or R, then it is boundary-parallel in this surface
and so D can be isotoped in Q; to a disk which misses J;, and the result
follows. If neither a nor g liein T; or R, then a lies in, say, F; ; and B
in H; ;. If either of these is boundary-parallel then the result follows as above.
If neither is boundary-parallel then D can be isotoped, preserving J, so that
D is transverse to B; U C; and meets (B; U C;) N F; ; in a single point, this
point lying in B; if f liesin H; o and in C; if B liesin H; ;. But this is
impossible since B;N H; o and C; N H; ; are empty.

(3) By (1) we may assume that DN R # @. We may further assume that this
intersection consists of spanning arcs of R. Since R separates 0Q; this implies
that it consists of exactly two arcs. We may also assume that no component of
D N H; i is boundary-parallel. It follows that D can be isotoped, preserving
Ji, so that DN AB; is a single point, but this is impossible since B; does not
meet RUH,; .

(4) First assume A misses R. Isotop A so that it misses F; and J;.

Suppose AN B; contains an arc o which is boundary-parallel in 4. Assume
a is outermost on A. Since 4 misses J; the endpoints of a must lie in the
same component of dQ; — J;. There are then disks Dy in 4 and D; in B,
whose intersection is o« and whose union is a disk D with 0D in 9Q; — J;.
The incompressibility of 0Q; — J; and irreducibility of Q; then imply that D
is boundary-parallel and so the intersection can be simplified by an isotopy. We
may thus assume that the intersection consists of at most spanning arcs of 4.

If o is an intersection arc whose endpoints lie in the same component of
0Q; — J;, then there is a boundary-compressing disk D for 4 such that 9D
liesin AU(8Q; —J). It then follows from incompressibility and irreducibility
that A is boundary-parallel.

If o is an intersection arc whose endpoints lie on different components of
8Q; — J;, then A has one boundary component on 7; and the otheron H; ,,
but this is homologically impossible.

One may thus assume that 4 misses B;. Let Q) be the manifold obtained
by splitting @; along B;. It is homeomorphic to H; ¢ x [0, 1] with H; o
identified with H; o x {0}. One may assume that 94 lies in H; (. It then
follows from Corollary 3.2 of [Wa] that A4 is parallel to an annulus in H; .

Now suppose A meets R in a single arc. Then it must be boundary-parallel
in R and so one can reduce to the case above.

(5) Isotop K so that it misses F; ; and R.

If K N B; contains an arc which is boundary-parallel in K, then since K
misses J; the endpoints of the arc lie in the same component of 9Q; — J; and
so by the usual arguments the arc can be removed by an isotopy which preserves
J; . So assume there are no such arcs.

Suppose o is an intersection arc which does not separate K .

If the endpoints of o lie in the same component of 8Q; — J;, then there
is a boundary-compressing disk D for K such that DN 9oQ; misses J;. The
boundary-compression yields an incompressible annulus 4 in Q; which misses
Ji. By (4) A is boundary-parallel and so by Lemma 6.1 sois K.

We may therefore assume that no component of K N B; has its endpoints in
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the same component of dQ; — J;. Thus one component 7 of K must lie on
T; and a second ¢ on H; . For homological reasons the third § must lie on
H; o. Moreover, for some j, o is parallel in H; ; to H; ;N F; ; and 6 is
parallel in H; o to H; N F; j. K thus cuts off a submanifold N of Q; such
that 0N is the union of F; ;, K, and annuliin 7;, H; o, and H; ;. K can
be isotoped so that NN B; isa disk B’ and NNC; is a disk C’. Splitting N
along B’U C’ gives a manifold N’ with 9N’ a 2-sphere. Thus N’ is a 3-cell
and N is homeomorphic to K x[0, 1] with K x {0} =K and K x{1} = F; ;;
so K is boundary-parallel.

Suppose every intersection arc separates K and so has its endpoints in the
same component of 9K . Since K misses J; there is a boundary-compressing
disk D for K such that DN J; = 2. Boundary-compression yields two incom-
pressible annuli which miss J; and are therefore boundary-parallel in Q;. It
follows that K is also boundary-parallel.

Finally, if K misses B;, then K can be isotoped so that 0K lies in H; .
The manifold Q; obtained by splitting along B; is homeomorphic to H; o x
[0, 1] with H; o = H; o x {0}. The result now follows from Corollary 3.2 of
[Wa].

(6) Isotop M so that OM liesin H; gUH; UT;. If M misses B;, then it
lies in Q; and can be isotoped in Q; so that 9 M lies in H; . By Corollary
3.2 of [Wa] M is parallel to a surface in H; o, but this is impossible since
H; o is a disk with two holes. Thus M N B; # & . Intersection arcs which are
boundary-parallel in M can be removed as usual.

Suppose M NT; # @. Then M NC; # @. If there is a component of
MN(B;uC;) which joins two components of M NT;, then there is a boundary-
compressing disk D in B; U C; such that the surface M’ resulting from the
boundary-compression has a boundary component which bounds a disk on T;:
this implies that M’ and hence M is compressible in Q;, a contradiction.
Thus there are components y of M N7T; and 6 of M N H; o which are joined
by anarc f of MNC;; y isjoined to a component ¢ of M NH; by an arc
a. Moreover, for some j, ¢ is parallel in H; o to F; ;N H; o and one may
assume that the corresponding product /-bundle meets M only in . This
implies that there are boundary-compressing disks D, and Dy for M with
D,NM =a, DﬂﬂM= B, D, C B;, and Dﬂ C C;; D, and Dﬂ meet Fi,j
in the arcs B;N F; ; and C;N F; j. The result of boundary-compressing M
along these disks is an annulus 4 which can be isotoped so that it misses J;.
As before this implies that M is boundary-parallel.

Thus we may assume M N T; = . Then there is a disk D in B; which
is a boundary-compressing disk for M such that D consists of an arc in
M and an arc in H; ;. The result M’ of the boundary-compression is either
an annulus and a disk with two holes or a disk with two holes, depending on
whether or not the arc separates M . In either case O M’ misses J; and so M
is boundary-parallel. O

Now let Q = Qg Ug Q; as in Figure 3. It is a cube with five handles. Let
J =(JoUJi)-0R and H; = Hy (UH, | . Let K; ; be the disk with two holes
obtained from R U H; ; by pushing it slightly into Q so that it is properly
embedded. In the same way let M; be the disk with three holes obtained
from H; URU H; ; and let M/ be the disk with three holes obtained from
H; URUH,, |, i#m.Let F be the union of all the F; ;.
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Lemma 6.5.

(1) R and each component of 8Q — J are incompressible in Q.

(2) Every disk D in Q which meets J in at most two points is boundary-
parallel.

(3) Every disk D in Q such that DN F; ; consists of two non-boundary-
parallel arcs whose endpoints lie in H, and D is otherwise disjoint from
J is boundary-parallel.

(4) Every incompressible annulus A in Q which misses J is either
boundary-parallel or isotopic to R by an isotopy which is fixed on F .

(5) Every incompressible disk with two holes K in Q which misses J is
either boundary-parallel or isotopic to some K; i .

(6) Every incompressible disk with three holes M in Q such that OM lies
in F is either boundary-parallel or isotopic to some M; or M.

(7) There are no incompressible once-punctured tori L in Q which miss J .

Proof. (1) This follows from the incompressibility of R, T;, F; ;, and H;
in Q; along with the fact that every disk in Q; which meets J; in exactly two
points is boundary-parallel.

(2) Consider DN R. An outermost disk D’ on D either misses J or meets
J in two points. In either case D’ is boundary-parallel in some Q;. Therefore
D can be isotoped to reduce the number of intersections with R. Eventually
DN R =2 and the result follows from the previous lemma.

(3) Isotop D so that each component of DNF; ; meets C; in a single point.
Then these points must be joined by an arc a of DN C;. Minimality implies
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that there are no other intersections. « is parallel in C; across a disk E to an
arc B in F; ;. The result of surgery on D along E consists of two disks which
can be isotoped so that their boundaries are in H;. The incompressibility of
H; implies that they are boundary-parallel in Q and hence that D is boundary-
parallel in Q.

(4) Consider AN R. Any outermost disks on 4 are boundary-parallel in
some Q; and so the intersection can be reduced by an isotopy.

Suppose ANR contains a spanning arc a of 4. If a is boundary-parallel on
R, then there is a boundary-compressing disk D for 4 such that DNnJ =@
it follows that A4 is boundary-parallel in Q. Thus we may assume all the
intersection arcs span R. Then there is a component E of 4N Q; which is a
disk meeting R in two arcs in its boundary. E is parallel in Q; to a disk E’
in 0Q;. E' must meet each of R, H; o, and H;  in a single disk. Therefore
the number of intersection curves can be reduced by an isotopy.

Suppose all the componenets of ANR are simple closed curves. Let a be an
outermost such curve on 4. o and a component of 84 bound a subannulus
A" of A which lies in some Q;. Since A4’ is boundary-parallel in Q;, the
intersection can be reduced by an isotopy.

Therefore ANR = @ and so A lies in some Q;. Thus A4 is boundary-
parallel in Q; and hence is either boundary-parallel in Q or isotopic to R in
0.

(5) Consider KNR.

If KNR =@, then K is parallel in some Q; to a surface K’ in 8Q;. If
R does not lie in K’, then K is boundary-parallel in Q. If R does lie in K’
then K is parallel to some K, , in Q.

If KN R contains a simple closed curve, then it is boundary-parallel in X .
An outermost annulus on K is then boundary-parallel in some Q; and so the
intersection can be reduced by an isotopy. So we may assume every intersection
curve is an arc.

Suppose « is an arc of KNR which is boundary-parallel in K . Assuming o
cuts off an outermost disk D from K, then D lies in some Q;, a is boundary-
parallel in R and D is boundary-parallel in Q;. Thus a can be removed by
an isotopy of K in Q. So we may assume there are no such arcs.

Suppose K N Q; contains a disk D which meets R in two disjoint arcs and
is otherwise disjoint from J;. Then D is parallel in Q; to a disk D’ in 9Q;.
D'NOR consists of two arcs which divide D’ into two outermost disks D}, and
Di and another disk D). If D) lies in R, then there is an isotopy of K in
Q which takes D to D) and then off R, thus reducing the intersection. So
assume D) does not lie in R, while Dj and D| do liein R. Let Z be the
3-cell bounded by DU D'. Then a disk in Z separating Dy from D] is a
boundary-compressing disk for K in Q, and Z can be regarded as the regular
neighborhood of this disk used in the boundary-compression. Suppose the result
of the boundary-compression is an annulus 4. If 4 is boundary-parallel in Q,
then it follows that K is boundary-parallel in Q. If A isisotopic to R, then K
is isotopic to a surface which boundary-compresses to R via an isotopy fixed
on F. The only such surfaces are isotopic to the K; ;. Suppose the result
of the boundary-compression consists of two annuli 4, and 4, . If they are
both boundary-parallel in Q, then K is boundary-parallel in Q. If, say, A4g
is isotopic to R and A, is boundary-parallel in Q, then K is isotopic to a
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surface which boundary-compresses to R and misses J and so is isotopic to
one of the K; ;. If Ay and A, are both isotopic to R, then K is isotopic to
a surface which misses J and boundary-compresses to two parallel copies of
R; it follows that a component of K bounds a disk in @, contradicting the
incompressibility of K in Q.

Suppose no component of KNQ; is a disk which meets R in two arcs. Then
K N R consists either of a single arc separating K into two annuli 4y and A4,
or consists of three arcs separating K into two disks Dy and D, . In the first
case Ao is parallel in Qp to an annulus 4; in dQy. 4o N R is an arc which
cuts off a disk from R. The remainder of R is contained in 4. It follows that
K can be isotoped so that K misses R and the result follows. In the second
case Dy is parallel in Qy to adisk D in 0Qp. If R cuts off a disk E from
Dy, then one can isotop K in a regular neighborhood of E to obtain a surface
K’ which meets R in two arcs which divide K’ into an annulus and a disk;
the result then follows as above. If 9R does not cut off a disk from Dy, then
OR must cut off a disk E from the closure of the complement of Dj in some
Hj i . One then performs an isotopy as before to complete the proof.

(6) Consider M NR.

If MNR =9, then M lies in some Q; and is parallel in Q; to a surface
M' in 8Q;. If M' does not contain R, then M is boundary-parallel in Q.
If M’ contains R, then M’ is isotopic to H; ¢URU H; |, and it follows that
M is isotopic to M;.

Suppose M NR # @. If A is an annulus component of M N Q;, then A
must be boundary-parallel in Q;. Since no component of dR is isotopic to a
component of F; j, A does not meet M and must be parallel to an annulus
in R; it follows that the intersection can be simplified and so we may assume
there are no such annuli. It follows that M N Q; is a disk with three holes K;
which is parallel in Q; to a surface K] in 8Q;. If each K] is isotopic to H; o
or each K] is isotopic to H; , then M is boundary-parallel in Q. If K is
isotopic to, say, H; o and the other K], is isotopic to H, ;,then M is isotopic
to M!.

(7)1 This follows from the facts that the inclusion induced homomorphisms
from the first homology groups of the components of Q — J into Q are
one-to-one and all these components are planar. O

Let X = PbUQU P, as in Figure 4. Let 0, X = GoUH, UG, and 0_X =
Up,oUU,0UToUHyU T UUp,, UU . Let L; be the once-punctured torus
obtained from RUH; ¢UU; oUU; ; by pushing it slightly into X so that it is
properly embedded. Let L} be the once-punctured torus obtained in a similar
fashion from Fy ;U U ;.

Lemma 6.6.

(1) X is irreducible and boundary-irreducible; F is incompressible and
boundary-incompressible in X .

(2) Every incompressible annulus A in X is either boundary-parallel or
isotopic to R.

(3) There are no incompressible tori in X .

(4) Every incompressible, boundary-incompressible disk with two holes K in
X such that 8K has one component on 8,X and two components on
0_X s isotopic to a component of F .
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(5) Every incompressible once-punctured torus L in X such that OL is
contained in 8, X s either boundary-parallel or isotopic to an L; or an
L.

j

(6) Every closed, orientable, incompressible, genus two surface S in X is

boundary-parallel.

Proof. (1) This follows from Lemmas 6.2 and 6.5 and Lemma 3.1 of [Myl].

(2) If A misses F, then 4 liesin Q or some P;. If 4 liesin Q, then
A is isotopic to R or is boundary-parallel in Q and, since no component of
F is an annulus, 4 is boundary-parallel in X . If 4 lies in P;, then A4 is
boundary-parallel in P; and, since no component of F is an annulus, 4 is
boundary-parallel in X .

If ANF contains an arc which is boundary-parallel in A4, then an outermost
disk on A will be boundary-parallel in Q or some P;, and the intersection can
be reduced by an isotopy.

If AN F consists of simple closed curves, then there is a curve a which
together with a component f of 94 bounds an outermost annulus 4’ in 4. If
A’ lies in some P;, then it is boundary-parallel in P; and so o can be removed
by an isotopy. If 4’ liesin Q, then it is isotopic to R or is boundary-parallel
in Q. The former cannot happen since no component of dF is isotopic to a
component of dR ; therefore A’ is boundary-parallel in Q and it follows that
a can be removed by an isotopy.

If AN F consists of spanning arcs of A4, then there is a disk component D
of AN (PyU P;) which meets F in exactly two arcs. D is parallel in some P;
to a disk D' in P;. If D' N F consists of two disks, then 4 is boundary-
compressible in X and so is boundary-parallel in X . If D' N F consists of a
single disk, then there is an isotopy of A which removes DN F from ANF.

(3) TNF # o since Q and the P; are cubes with handles. But every
component of 77N P; is an annulus 4 which is boundary-parallel in P;; the
annulus in dP; to which A4 is parallel must lie in F and so the intersection
can be reduced by an isotopy.
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(4) Suppose KNF =@ . If K liesin P;, then K is parallel in P; to a surface
K’ in 8P;. K’ must contain a component F; ; of F and so K is isotopic
to F; j in X. If K lies in Q, then either K is parallel in Q to a surface
K’ in 8Q or K is isotopic to some K; ;. In the first case the boundary-
incompressibility of K in X implies that K’ must contain a component F; ;
of F andso K isisotopicto F; ; in X . The second case cannot occur because
in order for the components of K to be distributed as required one must have
k = 0. But then K; ¢ admits a boundary-compressing disk which misses the
interior of F and so K is boundary-compressible in X .

Since F and K are both boundary-incompressible in X we may assume
that no arc component of F N K is boundary-parallel in F or K.

Suppose K N F contains a simple closed curve a. Then « is parallel in K
to a component # of K. We may assume that the annulus 4 in K bounded
by aU B is outermost on K. If A lies in P;, then A is boundary-parallel
in P; and so a can be removed by an isotopy. If A lies in Q, then either
A 1is boundary-parallel in Q, and so a can be removed by an isotopy, or A4
is isotopic in Q to R, but this is impossible since no component of 4 F is
isotopic to a component of dR.

Suppose some component of K N (PyU P;) is a disk D which meets F in
exactly two arcs. Then D is parallel in P; to a disk D' in 9P;. D' cannot
meet F in two disks because then K would be boundary-compressible in X .
Thus D’ meets F in one disk and it follows that DN F can be removed from
KN F by an isotopy of K in X . Therefore we may assume there are no such
components.

Suppose some component of K N (PyU P;) is a disk D which meets F in
exactly three arcs. Then either D is boundary-parallel in P; or is isotopic to
some E; ; by an isotopy which preserves F . In the first case suppose D is
parallel to D' in 9P;. Since no arc of K N F is boundary-parallel in F, D'
must meet F in a single disk which contains DN F in its boundary; it follows
that DN F can be removed from K N F by an isotopy. Thus we may assume
that D is isotopic to some E; ;. Let D = K — D. Suppose D meets F only

in DN D. Then since DN T; = @ some component of dD — 3D must be a
boundary-parallel arc in 7;. It follows that K can be isotoped to reduce the
number of components of KNF by one. Thus D must have other intersections
with F and hence with PyU P, . Since no component of KN(PyU Py) is a disk
meeting F in two arcs, there is exactly one other component; it must be a disk
or an annulus. Suppose it is a disk D’. Then D’ is isotopic to some E,, ,.
One cannot have m =i and n = j since this would imply the existence of a
boundary-parallel arc in 7; as above and so one could reduce the intersection.
One cannot have m # i and n = j because 7; and H, ; are disjoint. One
cannot have m # i and n # j for the same reason. Therefore m = i and
n # j. However, this forces K N 9_X to have only one component and so
cannot occur. Thus we may assume that the other component of K N (PyU P;)
is an annulus 4. It meets F in a single arc. Suppose A is parallel in P, to an
annulus 4’ in &P,. Then F N A’ is either a disk or an annulus. Since K is
boundary-incompressible it cannot be a disk. Thus it is an annulus and so there
is an isotopy which removes 4 N F from K N F. Therefore A is isotopic to
some Ap . Since both components of 0A4,, , meet J_X, this implies that
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D meets G; in a single arc, which is impossible since it is isotopic to E; ;.
Therefore we may assume there are no such components.

Suppose some component of K N (PyU P;) is a disk D which meets F in
exactly four arcs. We may assume that no component of DN (G;UUp, ;jUU; ;)
is boundary-parallel, since otherwise one could reduce the intersection. K — D
then consists of two disks which do not separate K ; these disks must lie in
Q. Since KNo_X # @, D must meet some U; ; and therefore one of the
complementary disks must meet 7; in a boundary-parallel arc. But this allows
one to reduce the intersection.

Suppose some component of K N P; is an annulus A which meets F in a
single arc. If A4 is boundary-parallel in P;, then the intersection can be reduced
as above. So assume A is isotopic to some A; ;. Then K NT; # @ and one
may assume that it contains a spanning arc of 7;, for otherwise one could
use a boundary-parallel arc in 7; to reduce the intersection. This implies that
KNP, # @ for n# j. In fact the intersection must be an annulus 4’ meeting
F in asingle arc and K — (4U A4’) is a disk. If A’ is boundary-parallel in P,,
then the intersection can be reduced, as above. So one may assume that A’ is
isotopic to A4; , . But this is impossible since it implies that KNo, X = @.

Suppose K N P; has a component which is an annulus 4 which meets F
in exactly two arcs. Then the arcs lie on the same component of 84, and
K — A is a disk which may be assumed to lie in Q. Since these arcs are not
boundary-parallel in F it follows from Lemma 6.3 that one of the complemen-
tary arcs in 4 must be boundary-parallel, which implies that one can reduce
the intersection.

This exhausts all the possibilities for K N P;.

(5) Suppose LN F = @. Then L must lie in some P;; moreover L is
parallel in P; to a surface L' in 0P;. It follows that L lies in G; and that
L’ contains Fy jU U, ; or F; ;UU; ;. Thus L is isotopic to L}.

Since F is boundary-incompressible we may assume that no component of
LNF is a boundary-parallel arc in L. We may also assume that no component
is a separating simple closed curve a in L. Otherwise « is boundary-parallel -
in L and we can assume that the corresponding annulus 4 is outermost on L.
If A lies in P;, then it is boundary-parallel in P; and so the intersection can
be reduced. If A4 liesin Q then it cannot be isotopic to R for the usual reason
and so must be boundary-parallel in Q ; thus the intersection can be reduced.

We may assume that L is boundary-incompressible in X . Otherwise L
boundary-compresses to an annulus 4. A4 cannot be isotopic to R since the
components of R lie on different components of 8 X . Thus A is boundary-
parallel and so is L.

Suppose LN F contains an arc. Consider the possible components of LN P;
containing this arc.

If there is a disk D which meets F' in two arcs, then D is parallel to D’ in
0P;. Since L is boundary-incompressible D’ meets F in a single disk and so
the intersection can be reduced.

Suppose there is a disk D which meets F in three arcs. If D is parallel
to D' in JP;, then again the boundary-incompressibility of L implies that D’
meets F in a single disk and so the intersection can be reduced. If D is isotopic
to some E; j, then L meets both components of d.X, an impossibility.
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Suppose there is a disk D which meets F in four arcs. Since L is boundary-
incompressible we may assume that those arcs lying in F; ; separate the com-
ponents of dU; ;. If for some i, F; ; contains at most one of these arcs then
some component of DN G; is boundary-parallel in G; and so one can reduce
the intersection. Therefore each F; ; meets D in two arcs. Since we may
assume that no component of DN G, is boundary-parallel in G;, the arcs in
F; ; are nonadjacent as one traverses 0D . Therefore L — D consists of two
disks Dy and D; such that D;,ND = DNF; ;. It then follows that the D; are
boundary-parallel in Q, and so one can reduce the intersection.

Suppose there is an annulus 4 such that one component y of 94 meets F
in a single arc o and all other components of ANF lie in the other component
of dA4. Then the complementary arc to a in y is boundary-parallel in G; and
so the intersection can be reduced.

This exhausts the possibilities if L N F contains an arc, so assume L N F
consists of nonseparating simple closed curves in L. Then some component
of LNP; or LN Q is a disk with two holes K which contains 0L, and the
remaining components are annuli. For the usual reason none of these annuli
are isotopic to R. We may assume that none of them are parallel to annuli in
F . It follows that those lying in P; are parallel to Uy ;, U, j, or G;, while
those lying in Q are parallel to 7y or 7.

Suppose K lies in P;. Then K is parallel to K’ in 9P;; K’ is isotopic
in 9P; to some F; ;. But this is impossible since it forces L N Q to have an
annulus component which is not parallel to Ty or T;.

Therefore K lies in Q. If K is parallel to K’ in dQ, then K’ must be
isotopic in dQ to a surface having one boundary component equal to 8 L and
the other two equal to components of 9 H; . It follows that the components of
LN (PyUP,) are parallel to components of GoU G, . It follows that LNQ =K
and that L N (PyU P;) has a single component A. Therefore L = KU A4 is
boundary-parallel in X, a contradiction to the boundary-incompressibility of
L. So K must be isotopic to some K; . Since 9L liesin Hy, k =0. It
follows that for each j, LN P; is an annulus parallelto U; ; and (LN Q) —
is an annulus parallel to 7;. Thus L is isotopic to L;.

(6) SNF # o since Q and the P; are cubes with handles. We may assume
that no component of SN Q or SN P; is an annulus parallel to an annulus in
F . Then every annulus component of SN P; is parallel to Uy, j, U, ;,or Gj,
and every annulus component of SN Q is parallel to Ty or 7.

Suppose L is a once-punctured torus component of SN P;. Then L is iso-
topic to L; and so 9L is parallel to F; ;N 9,X in some F; ;. Therefore the
component of SN Q meeting L cannot be an annulus. Since Q contains no
incompressible once-punctured tori missing J , it must be a disk with two holes
K. If K is parallel in Q to K’ in 8Q, then K’ must have a component
which is not isotopic to a component of dF , contradicting the fact that 0K
liesin F. If K is isotopic to some K; 4, then the fact that 0K; , has a com-
ponent which is not isotopic to a component of  F again gives a contradiction.
Therefore S N P; has no punctured torus components.

Suppose K is a disk with two holes component of SN P;. K is parallel to
K’ in 9P;. If K’ liesin some F; ;, then the intersection can be reduced. If K’
does not lie in some F; ;,then K’ contains G; and 0K’ has two components
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FIGURE 5

on some F; ; parallel to the components of F; ;N U; ; and one component on
Fy,j, m# j, parallel to F; jN0,X. Some component of $ — K must be an
annulus A which either lies in Q or meets Q in a pair of annuli. However,
there is only one component of K which can meet an annulus component of
SN Q, so this is impossible.

Thus SN P; consists entirely of annuli. SN Q has no disk with two holes
component K . This is again because K would be boundary-parallel or isotopic
toa K; 4, forcing 0K to have a component not lying in F. SN Q also has
no punctured torus component and so must have a component M which is a
disk with three holes. S — M consists of two annuli. These annuli either meet
Q in annuli parallel to Ty or 7, or do not meet Q at all.

Suppose M is boundary-parallel in Q. Then it is parallel to H; or Hp. In
the first case S must meet each P; in a single annulus parallel to G; and so
S is parallel to 9, X . In the second case S must meet each P; in a pair of
annuli whose union is parallel to Uy ; U U, ;, which forces the remainder of
SN Q to consist of a pair of annuli whose union is parallel to To U T, and so
S is parallel to 6_X .

Suppose M is isotopic to some M;. Then there is an annulus component
A of SN P; which is parallel to G; and meets M in one component of 94.
However, there is no component of SNQ which can meet the other component
of A . Thus this situation cannot occur. A similar argument rules out the case
of M being isotopic to M/. O

Now let X’ be the manifold shown in Figure 5. It is obtained from one
of the P; by identifying Fy ; and F) ; by the restriction of a reflection in
3-space. Let F' be the image of the F; ; in X'. Let 9,X’ be the image of
Gj andlet 0_X' =0X' -9, X".

Lemma 6.7.

(1) X' is irreducible and boundary-irreducible; F' is incompressible and
boundary-incompressible.
(2) Every incompressible annulus and torus in X' is boundary-parallel.
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(3) Every incompressible disk with two holes K in X' such that K N o, X’
consists of exactly one component of 0K is isotopic to F'.

Proof. (1) and (2) follow from Lemma 7.3 of [Myl].

(3) K must be boundary-incompressible. Otherwise (2) would imply that K
is boundary-parallel, which is impossible since d X’ consists of tori.

H|(X') =% Z & Z, with the first summand generated by any oriented simple
closed curve on 8, X’ meeting F’ transversely at a single point and the second
generated by an oriented component of F' NJ_X'. The images of H;(d,X’)
and H;(0-X') in H (X') intersect in the trivial subgroup. This implies that
the component a, of 4K on 8,X’ must be isotopic to F' Nd, X’'. One may
therefore assume that o, N F' = & . Let o’ and o” be the other components
of 0K .

If KNF' =@, then K may be regarded as lying in P;. It is parallel in P;
to K’ in 9P;. K’ must be isotopic in 9P; to some F; ;. It follows that K
is isotopic to F' in X'.

Since K and F’ are both boundary-incompressible one may assume that no
component of KNF is a boundary-parallel arc in K or F. Let K’ be K split
along KN F. K’ may be regarded as lying in P;.

If KNF contains a simple closed curve, then there is an annulus component
A of K’ which is outermost on K. Since A is boundary-parallel in P; it
follows that the intersection can be reduced.

Suppose o' and o” are joined by an arc in KN F . Then some component
of K’ must be a disk D meeting Fy ;U F; ; in exactly two arcs, for otherwise
at least one of o’ or o” meets F' in exactly one point, which is impossible
since it splits to an arc in one of the U; ;. D must be parallel in P; to D’
in 8P;. DN (a” Ua”) must lie in one of the U; ; and so D' must lie in
F; juU; ;. It follows that one can isotop K in X’ to reduce the intersection.

Thus one may assume that there is no such arc. Then there is an annulus
component A of K’ having one boundary component equal to, say, o’ and
the other equal to the union of an arc # of KN F’ and an arc y in a” . But
then since o/ NF =@ and o/ and «” are parallel in 0_X', there is an arc
y" in F'Nd_X' which is parallel to y in d_X'. One can then isotop K so as
to replace B by a simple closed curve, thereby reducing the complexity of the
intersection. O

7. MAPPING CLASS GROUPS OF CERTAIN COMPACT 3-MANIFOLDS

Let X be the 3-manifold shown in Figures 4 and 6. Let 6 be a Dehn twist
along the annulus R and ¢, 6, and w rotations of period two about the
coordinate axes, as shown in Figure 6.

Proposition 7.1. Z (X, 80, X) =X Z&Z,®Z,. Z is generated by (0] and Z,®Z,
by [¢] and [0]. [w] = [p][0].

Let X’ be the 3-manifold shown in Figure 5. It is obtained from one of the
P; shown in Figure 7, by identifying Fy ; and F; ; by an involution f which
interchanges the two surfaces and is induced by a reflection in 3-space. The
period two rotations &, 8, and 7 about the coordinate axes induce involutions
@, f,and 7 of X'.




MAPPING CLASS GROUPS 31

s>

FIGURE 6

[ AN
\ N //
/ AN

FIGURE 7

N\ ’
2
§)

(]
Pl RS
e Se
I S
| .

Proposition 7.2. # (X', 8, X') = Z, & Z,. It is generated by [a] and [].
(71 = [@1(B].

The following two lemmas will be used in the proofs of both propositions.

Lemma 7.3. Suppose g is an orientation preserving diffeomorphism of P; which
preserves each component of Fy ;U F, j. Then g is isotopic to the identity via
an isotopy which preserves each of these components. If, in addition, g is the
identity on Fy ;U Fy ;, then the isotopy can be chosen fixed on Fy jUF) ;.

Proof. Since g(F; j) = F; ; one can isotop g so that g(E; ;) = E; ;. g is
orientation preserving and preserves each component of 9F; j, so g can be
isotoped so that it is the identity on OE; ; and so can be further isotoped so
that it is the identity on E; ;. Since splitting F; ;, U; j, and G; along their
intersections with Ep ; U E; ; yields a set of disks each of which is invariant
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under g, one can isotop g so that it is the identity on 0P;. One checks that
if g was originally the identity on Fy ;UF) ;, then each of these isotopies can
be chosen fixed on Fy j U F; ;. Finally, since P; is a cube with handles one
can isotop g rel P; to the identity. O

Lemma 7.4. Suppose g is an orientation preserving diffeomorphism of P; such
that g(Fy jUF, ;)= F, jUF, ;. Then g isisotopicto &, B, ¥, or the identity.
If the restriction of g to Fy jUF, ; commutes with f then the isotopy can be
chosen so that its restriction also commutes with f .

Proof. Suppose g(F; j)=F; j. Then g(U; ;) =U; ; and g(G;) = G;. Then
either g must preserve each boundary component of both the U; ; or must in-
terchange the boundary components of both the U; ;. For suppose it preserves
each component of, say, dUp ; and interchanges the components of U, ;.
Then there is a basis for the first homology of Fy ;UUp,; with respect to which
the automorphism induced by g has a matrix of the form

o 1]

For F, ;UU, ; the corresponding automorphism has a matrix of the form

o )

Since g is defined on the product P;, its restrictions to the ends of the product
are homotopic, but this is impossible since the two matrices have different traces.

If g preserves each boundary component of both the U; ; its restriction to
each F; ; is isotopic to the identity. If g commutes with f on Fy ;U F; ;,
then clearly the isotopy can be chosen so that it also commutes with f. In any
case, Lemma 7.3 now allows one to isotop g to the identity as required.

If g interchanges the boundary components of both the U, ;, then fog
preserves each boundary component and it follows that g is isotopic to S .
Since B commutes with f, it follows that if g commutes with f then the
isotopy can be chosen to commute with f .

Finally, if g interchanges the F; ;, then Gog preserves each of them and it
follows that g is isotopic to & or . As above, if g commutes with f, then
so does the isotopy. O

Lemmas 7.5-7.7 will be used only in the proof of Proposition 7.1.

Lemma 7.5. Let g; be an orientation preserving diffeomorphism of Q; such
that gi(R) = R and the restriction of g; to F; oU F; | is the identity. Then
gi Is isotopic to the identity via an isotopy which preserves R and is fixed on
FioUF; ;.

Proof. For homological reasons g;(0E;) must be isotopic to JFE;; it follows
that there is an isotopy satisfying the given conditions such that afterward g;
is the identity on E;. Split Q; along E; to get the product Q! = H; o x [0, 1]
with H; o = H; o x {0}. Let g/ be the induced diffeomorphism of Q;. H; ,
is split to an annulus on one boundary component of which g is the identity.
T;: is split to a disk on whose boundary g/ is the identity. It follows that g;
can be isotoped rel E;, satisfying the requirements, so that g/ is the identity
on H; o x {1}. By Lemma 8.4 of [Wa] g/ can be isotoped rel (H; o x {1})U
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((0H; 0) %[0, 1]) to the identity of Q;. Therefore g; is isotopic to the identity
as required. O

Lemma 7.6. Let g be a diffeomorphism of Q which is the identity on F . Then
g is isotopic rel F to a product of Dehn twists about R.

Proof. First isotop g so that g(R) = R and therefore g(Q;) = Q;. Since the
restriction g; of g to Q; is the identity on F; o U F; ;, the previous lemma
implies that g is isotopic rel F to a product of Dehn twists about R. O

Lemma 7.7. Let g be an orientation preserving diffeomorphism of X which
preserves each F; ;. Then g is isotopic to a power of ¢ .

Proof. g(Pj) = P; and g(Q) = Q. Since g(T;) = T; the restriction of g
to P; cannot be isotopic to B;. It follows that g can be isotoped so that its
restriction to Py U P; is the identity. It then follows from the previous lemma
that the restriction of g to Q is isotopic rel F to some J¥ and therefore so
is g. O

Proof of Proposition 7.1. The diffeomorphisms J, ¢, and 6 generate a sub-
group of Diff(X, 0, X) isomorphic to Z & Z, ® Z, . For homological reasons
this subgroup injects into # (X, 8, X). If g is any element of Diff(X, 0, X),
then it can be isotoped so that g(R) = R and g(F) = F. g must then either
interchange the P; or leave each P; invariant. By composing g with 6 one
may assume that the latter is the case.

By considering g(7;) it can be seen that g must either interchange Fp, ; and
Fy ; forboth j =0 and j =1 orleave all the F; ; invariant. By composing
g with ¢ one may assume that the latter is the case. It then follows from the
previous lemma that g is isotopic to a power of . Thus the original [g] is
an element of the Z® Z, & Z, subgroup. 0O

Proof of Proposition 1.2. The Z,®Z, subgroup of Diff(X’, 3, X') generated by
@ and B must for homological reasons inject into # (X', 8, X"). Any element
g of Diff(X’, 8,X’) can be isotoped so that g(F') = F’. Then g induces a
diffeomorphism g’ of P; which preserves Fy ;U F; ; and commutes with f.
By Lemma 7.4 g’ is isotopic to &, f, 7, or the identity via an isotopy which
commutes with f and so g is isotopic to an element of the Z, ® Z, subgroup
of Z(X',0,X"). O

8. A GENUS TWO EXAMPLE

In this section the mapping class group of a certain genus two Whitehead
manifold is computed. The manifold is very similar to an example of McMillan
[Mc]. That example is presented as an open subset of R3. The present example
is constructed by gluing together a sequence of compact 3-manifolds along their
boundaries. McMillan’s example can of course be constructed in this fashion,
and in fact the compact 3-manifolds are the same, but the gluing maps are more
complicated.

For n > 1 let X, be a copy of the manifold X, as shown in Figure
8. Let h,: X, — X, be the diffeomorphism which identifies two succes-
sive copies of X . Let ¢,, 6,, and w, be the involutions of X, defined in
the previous section. It will be assumed that h, o g, o h;' = g,., where
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FIGURE 8

g =9, 0, or w, and that h, carries each of the oriented simple closed
curves Up, Un, Wn, an ’ vn ’ wn 10 Unils Untls Watl s ﬁn+1§n+l ’ wn+l , Tespec-
tively. Let i,: 8, X, — 0_X,,, be a diffecomorphism which carries u,, etc., in
0, X, to the curve in d_X,,; having the same label. It will be assumed that
Int10hn =hpy10in, lno@p="0n4100y,and 00, =@y 0iy, On 04 Xp.

Let ¥V, be a cube with two handles. Let ¢¢, 6y, and wy be the period
two rotations about the coordinate axes as indicated in Figure 9. Choose a
diffeomorphism iy: 8Vy — 0-X, which carries the curves ug, etc., in 9V to
the corresponding curves in 0_ X . It will be assumed that igo @y = 6, 0 iy and

i0°00=¢10i0 on 8%
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4 " I
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FIGURE 9
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Let Vi = Wy U X, the identification being via iy; it is a cube with two
handles. There is a diffecomorphism hg: V5 — V] such that Ay carries ug, etc.
to uy, etc., ijohg=hyoiy on 8V, and hoogooho‘l = g; on 8, X, where
g=0,0,or w. Itis not assumed that this last equation holds on all of X .

Let V, = huX,U---UX, , where boundary components are identified via the
maps ig, ..., in—1. Let W =J,5oV». Each V} is a cube with two handles
and V, — V,,, is null-homotopic. Therefore W is a Whitehead manifold.
S, is incompressible in W — V¥, and so W is not homeomorphic to R3. It
follows easily from the facts that X contains no incompressible tori and every
incompressible annulus in X is either boundary-parallel or isotopic to R that
W is not a monotone union of solid tori and so has genus two.

Let s be the involution of W which is equal to ¢y on V5, 6, on X, for
each odd n, and ¢, on X, for each even n. Let ¢ be the involution of W
which is equal to 6y on Vg, ¢, on X, for each odd », and 6, on X, for
each even n. s and ¢ generate a Z, & Z, subgroup of Diff(W) which will be
denoted G.

Let & be the diffeomorphism of W defined to be 4y on ¥ and A, on X, .

Theorem 8.1. Z (W) =2 (W ; V)= (Z,dZ,) x: L, where L is generated by
[h], Z, ® Z, is generated by [s] and [t], and & interchanges the summands of
7,067,.
Proof. First, the structure of #Z (W ; V') will be established in the next two
lemmas.

Lemma8.2. & (W; V)2Z,®Z, and is generated by r(q="([s])) and r(q~'([1])).
Proof. #(Xy, Sn) =& Z&ZydZ,, with the summands generated by [d,], [¢.],
and [6,]. The restriction of J, to S, is a Dehn twist about w,, while that
of d,,, is a Dehn twist about w, . Since these curves are not isotopic in Sy
the only elements of #(X,, S,) and #Z(X,.1, Sx;+1) having representatives
whose restrictions to S, are isotopic are those lying in the Z, ®Z, summands.
For homological reasons the only possible matchings are those of [id] and [id],
[9n], and [60,41], [6.] and [@n41], and [w,] and [w,41], i.€., those obtained
by restricting elements of G.

Since Vy is a cube with handles the isotopy class of a diffeomorphism of Vy
is determined by its restriction to Sy . Thus the only elements of #(Vy) which
have representatives agreeing with representatives of #(Xy,, Sy,1) are the
classes obtained by restricting elements of G to V.

It follows that # (W ; V) is isomorphic to Z, ® Z, and consists of the
sequences

(gln)s gltyads - [0, --.), g €G.

Iy pi FNW; V) - Fp(W; V) is clearly onto. It is also one-to-one. For
if g|y, is isotopically trivial, then so is g|s,, and therefore so is g|x,, and
hence so is g|s,_, . Continuing in this fashion one eventually gets that g|y, is
isotopically trivial. Thus .Z (W ; V) is isomorphic to Z, ® Z, and clearly has
the generators indicated. O

Lemma 8.3. Z (W, V)= (Z,®Z,) x¢ Z as above.
Proof. Recall that h induces an isomorphism Ey: F n(W; V) > F y (W5 V)
givenby Sy (([gn], [gn+1], .., [8al, -..)) = ([hognoh™'], [hognsioh™'], ...,
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[hognoh™!],...). We may take g, to be the restriction of an element of G.
If n>N,then hog,oh ' =h,0g,0h;! = g, , where g is id, ¢, 6, or
w. If n = N, then the equation may not hold on all of Vy,,. But it does hold
on Sy, , which is enough to imply that [ho gyoh~!]=[gn41]. It is apparent
from the definitions of s and ¢ that

éN(([SlVN]a [SIXNH]’ ey [SlX,,] 5 e )) = ([t|VN+l]’ [tIXN+2] y oo [t|Xn+|] 3 v ) 5
with a similar formula holding with s and ¢ interchanged.

Passing to the limit one has &(r(g~'([s]))) = r(g~'([¢])) and &(r(g~'([2]))) =
r(g~'([s])) . It follows that &([s]) =[] and &([¢]) =[s]. O

Now # (W) =# (W ; V) will be proven by imitating the proof of the “Shift
Lemma” of [My2].

Lemma 8.4. Suppose for some q > p > 0 that S is a closed, incompressible
genus two surface in the interior of V, —V,. Then S s isotopic to some Sy,
p < m < q, via an isotopy with support in the interior of V, -V, if p<m<gq
and support in a regular neighborhood of V, —V, if m=p or q.

Proof. Assume S has transverse minimal intersection with Uq=p S, . If the
intersection is empty, then S is boundary-parallel in some X, and the result
follows, so assume the intersection is nonempty.

No component of SN X, is a disk or an annulus with its boundary in one
component of 8X,, since such a disk or annulus would be boundary-parallel
and one could reduce the intersection. This implies that no component of SNX,
can be a disk with two or three holes because this would force S N X to have
such an annulus for some k. It thus follows that the only possible components
of SNX, are once-punctured tori and annuli isotopic to R, . For some n there
must be a once-punctured torus component L of SN X, such that §L lies in
S, , for otherwise there would again be a forbidden annulus in some X, . Let
N be the component of SN X,,; meeting L. If N is a once-punctured torus,
then AL is null-homologous in X, . If N is an annulus, then JL is isotopic
to R,;1NS,, i€, to W,. We may assume that L is not boundary-parallel and
so is isotopic to one of the L; or L, of Lemma 6.6. But this implies that L
is isotopic to w,, U, , or u,, none of which satisfy the above conditions on
OL. O

Lemma 8.5. Let f: W — W be a diffeomorphism such that f(V,) =V, and
f(V,)=V,, where p<q and r <s. Then g —p =s—r and f is isotopic to
S such that f'(S;) = S;—p+i for p < i < q. This isotopy can be chosen constant
outside Vy; —V,.
Proof. If g —p = 1, then this follows from the facts that every closed, incom-
pressible genus two surface in X, is boundary-parallel and none of the X, are
product I-bundles. No isotopy is necessary.

If g—p>1,then f(S,,) is isotopic to some S,,, r < m <s. Since Sy
is not parallel to S, or S;, one has r < m < s, and so the isotopy is constant
outside ¥V, — V,. One then applies induction to complete the proof. O

Lemma 8.6. Every diffeomorphism f of W s isotopic to a diffeomorphism
which is eventually carried by V .

Proof. First choose py > 0 such that (Vo U f(V5)) C V,, . Next choose No > 0
such that ¥, C f(Vy,). Then choose go > po such that f(Vy,) C V,,. This
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ensures that f(Sy,) is incompressible in f(W — ;) and so is incompressible
in W -1V, and hence in V, — V,,. It can therefore be isotoped to some
Sum, >, Po < My < qp, via an isotopy constant outside a regular neighborhood of
V;]o - V;’o . ‘

Let p; = go + 1. Choose N; > Ny such that V, C f(Vy,) and q; > p;
such that f(Vy,) C Vg, . This ensures that f(Sy,) is incompressible in ¥V, -V},
and so, as above, is isotopic to some Sy, , p1 < M, < q;, via an isotopy fixed
outside a regular neighborhood of ¥, — V), .

Continuing in this way one obtains a sequence of isotopies with disjoint sup-
ports (and thus a single isotopy) whose composition with f gives a diffeomor-
phism f’ such that f’(Sw,) = Su, for some increasing sequences of integers
{Ny} and {My}. So f"(Vn,) = Vu,. Therefore My, — My = Ny — Ny
and there is an isotopy fixed outside f’(Vy,,, — Vu,) taking f'(S;) to S; for
Ny <i< Ngyy and j =i+ M — N, . The composition of this isotopy with f”
gives the desired diffeomorphism f”, with N=N; and s=My—-N,. O

9. A GENUS ONE EXAMPLE

In this section the mapping class group of Whitehead’s original example [Wh]
of a contractible open 3-manifold which is not homeomorphic to R3 is com-
puted. The manifold will be constructed by gluing together a sequence of com-
pact manifolds. The result is equivalent to Whitehead’s description of it as an
open subset of R3.

Let X,, now be a copy of the manifold X’ defined in Figure 10. For n > 1
let h,: X, — X, be the diffeomorphism which identifies two successive copies
of X'. Let @, B,,and 7, be the involutions of X, defined in §7. It will be
assumed that h,0g,oh;' =g,,, for n > 1, where g =@, 8, or 7. Each
component of 8 X, is parametrized as S' xS! in such a way that m, = S' x{1}
and [, = {1} x S'. It will be assumed that the restriction of A, to 98X, isthe

FiGURE 10
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identity with respect to these parametrizations. Moreover on 9, X, ,

an(ZO,Zl)z(?Oa—Zl)a ﬁn(ZOaZl)z'(_ZO’Zl)’ 7n(20,21)=(_-z_03?l),

while on 0_X,,

@n(z0, 21) = (20, —21),  Bau(z0, 21) = (Z0, Z1), Tu(z0, 21) = (Zo, —Z1).
Define i,: 0, X, — 0_X,, to be the identity with respect to these parametriza-
tions.

Let ¥}, be a solid torus, parametrized as D? x S!. Let

60(r20,21)=(r70,71), Fo(r20,21)=(—r20,21),

Yo(rzo, z1) = (=rZo, Z1).
Define iy: 8Vy — 0_X; to be the identity with respect to these parametriza-
tions.

Let ¥, be the union of V¥, and X; via iy. It is a solid torus and there
is a diffeomorphism hgy: Vo — V| which restricts to the identity on 9V, with
respect to the given parametrizations. It follows that i o hg = h; 0o iy on 9V} .

Let V, = V,U X, U---UX,, where the identifications are carried out via the
maps Iy, ..., in—1. Let W =J,5, Vn. It is easily checked that W is a genus
one Whitehead manifold and V is a very good exhaustion.

Let & be the diffeomorphism of W defined to be 4y on Vy and h, on X, .
Note that unlike the previous example the involutions @,, f,, and 7, do not
piece together to give diffeomorphisms of W . These involutions will be used to
describe & (W V). A set of diffeomorphisms whose isotopy classes generate
Z (W) will be described later.

Theorem 9.1. The exhaustion V of the classical Whitehead manifold W is very
good, it is periodic of period ¢ = 1 and has minimal shift h.

(1) ZW)=FW;V)XF(W;V)x:Z.
(2) There is an exact sequence
0-DW V) FW V)xeZLF (W, V) xgZ— 1,
where

kerp = (W, V)= ﬁzZ/ézz,

n=0 n=0
Fw;v)=]2/ Pz,
n=0 n=0

and 7 preserves the semidirect product structure.
(3) & restricts to the automorphism of (W ; V) given by

é({(aOa bO)’ (al’bl)’ }):{(0,0), (aO’ bO)’ (als bl)’ }

(4) For E={c,,}e?(W;V),E({co,cl,...}):{O,CO,CI,...}.
(5) Forevery c € (W ; V) such that r(c) =<, and for each {(a,, bn)} €
IW;V),

c{(an, ba)ye™! = {(=1)"(an, bn)}.
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(6) Forevery ce F (W V) there exists c € F (W ; V) such that r(c) =T

and
1+ (=1)n
t = {%(Cn—l > Cn+l)} .

The element c¢' of & (W ; V) satisfies r(c') = r(c) and (¢')? = ¢* if
and only if ¢ and ¢' differ by an element of (W ;, V) of the form

(=5 ),

(7) There is an involution y of W such that r([y]) = {(1, 1, 1,...)}. The
finite subgroups of # (W) are precisely the Z, subgroups generated by
elements of the form [y]{(an, bn)}. Each of these elements is represented
by an involution of W .

Proof. The first statement is a consequence of the previous results and the fact
that V' is a very good exhaustion. The remaining statements can be obtained
from the following lemmas together with previous results.

Lemma 9.2. yW V Hn ()ZZ/@ _0Z2

Proof. Tt will first be established that Fy (W ; V) = [[2°\ Z,.

H(Xn, Sn) 2 Z; ®Z, and is generated by [a@,] and [Bn]. All tke relevant
diffeomorphisms of S, are isotopic either to the identity or to p(zg, z;) =
(Zo, Z1). In particular the restrictions of ﬁn and @,,; are isotopic to id,
while those of a,, 7,, F,, +1, and 7, are isotopic to p. Let py be an
involution of Fy which restricts to p on Sy. One need only consider the
subgroup #'(Vy) of #(Vy) generated by [p,].

In(W ; V) then consists of those elements ([Bn), (Bnsads -5 [Ba), -.0) of
Z'(Vn) x [Tneni1 & (Xu, Sn) such that:

If gn = id , then Nyl = id or AN+ -

If gy =Py,then gy, =By, OF Tyy.

If g,=1id or B,,then g, , =id or a,,.

If g,=a, or y,,then g,,, =B, Or 7, ;-

Let k, be the restriction of g, to S, and consider the classes [k,] € Z(S,).

If gy=id,then ky =id.

If gy =py,then ky =p.

If g,=1id,then k,_, =id and k, =id.

If g,=a,,then k,_y =id and k,=p

If g,=p,,then k,_, =p and k, = id .

Ifg,=7,,then k,_, =p and k,=p
These observations establish an isomorphism between Zy(W; V) and Mooy Z>
CIiyZ(Sn). _ _ _

Now consider the homomorphism fy p: Fn(W; V) = Fp(W; V). Itis
easily seen to be onto. ([gwn], [gn+1], ..., [&n], ...) isin the kernel if and only
if [k] = [id] for n > P, and so the kernel is @/ _, Z,. Passing to the limit
onehas & (W; V)= [[2,Z,/D°,Z,. O

Lemma 9.3. For c—{c,,}e?(W V), {co c1,¢,...})={0,¢co,€1,...}.
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Proof. Asin the proof of Lemma 9.2, the element ([gy], [En41], -5 [8nls --+)
and its image ([hogvoh™'], [hognsroh™'],...,[hogyoh™],...) un-
der EN are determined by the sequences ([kn], [kns1], ..., [kn],...) and
(hokyoh™'], [hokyy1oh™'], ..., [hoksoh™'], ...). Since hopoh™' = p, one
has that &y: [Trony Z2 — [Thon, Z2 is given by Ex(en, cners oov s Cny o) =
(ews CN41s v Cnsyeen ). Passing to the~limit, & is induced by the homomor-
phism &: [[720Z, — [Ireo Z, givenby &(co, ¢1, ¢2,...)=(0,¢c0,¢1,...). O

To prove the remainder of the theorem we will need to construct explicit
diffeomorphisms of W which project to # (W ; V). This will be done by
defining diffeomorphisms «,, f,, and y, which are isotopic to a,, F,,, and
7, and equal id or p on the boundary tori, so that they piece together to give
diffeomorphisms of W .

Recall that C;} is a collar on S, in X,,;, parametrized as S, x [0, 1] and
that C, isacollaron S, in X, (in V; if n = 0), parametrized as S,x[-1, 0],
with S, x {0} = S, in both cases. C, = C;UC;, X? =X, —(C;_,UCy),
and VP = Vo — C; . These collars can be chosen so that they are invariant
under g,, where g, = @,, B,, or 7,. Moreover, the restrictions of g, to
C)_, and C, aregiven by g,|s,_, x id and g,ls, x id, respectively.

Define diffeomorphisms &, pFf, uf, and AF of C%, as follows:

ex(zo, z1, 1) = (20, €™z1, 1), & (20, 21,8) =(e ™z, 21, 1),
Pa(z0, 21, ) =(Z0, Z1, 1),

UE(zo, 21, t) = (€X™izg, 21, 1),  AE(zo, 21, 1) = (20, €X' 2y, 1).
Note that uF and Af are Dehn twistsin CF with traces S'x{1} and {1}xS!,
respectively.

Lemma 9.4.
EN2=A, () =u;, (pp)i=id,
proey =(er) " opy, uyody =Ayouy,
Proy =) opr, proky =G5 " epy,
& oMy = My 0y s & ody = Ay o0&y
Proof. Compute. O

Now define diffeomorphisms a,, B, and y, of X,, as follows.
pr(x) ifxeCy,
an(x) =4 an(x) ifxeX?,
er_(x) ifxeC;,.
&, (x) ifxeC,,
Bn(x) =14 B.(x) ifxeX?,
pi_(x) ifxeC,_,.

g (pr(x)  ifxeCy,
Pn(X) = q 7alx) if x € X7,
er_(ph_(x)) ifxeCl_,.
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Define diffeomorphisms ag, Sy, and y9 of V,, as follows.

[ py(x) ifxeCy,
ao(x) = { do(x) if x € VY.
8 g (x) ifxeCy,
olx) = Bo(x) if x € V.
gy (pg (x)) ifxeCy,
rolx) = { Fo(x) if x € V2.

Lemma 9.5. Let n> 1.

,u,, s An s Ui_y, and At_, all commute.
al=A_,, Bi=yu;, yi=1id
anoBn=(1y)" oyn, Brnoan=(A;_)"" o
ano)’n—(/‘;)_ °l+_1°ﬂn, Ynoan = Bn
Bnoyn =ty o ()',, D Yooy, YnoBn=an
anouy = (uy) Voan, Bnouy =us 0P, yno;t;=(#;)“°yn
apoh; = (A7 ) Yoap, Buok, =47 0By, ynoi (l‘)‘ © ¥n

+ - -1

apold, = .un 1°Qn, ,B,,O,un 1= (/"n 1) o Bn, yn°/‘n 1 = (#n 1) °¥Yn
anody y=A; joan, BuoAy ;=5 )7 o Bu, oA = () o
Proof. Compute, using the previous lemma. 0O

Lemma 9.6. u, and A; commute.

af=id, pt=u;, vi=1id

apo Bo=(uy) oy, Booag=

agoyo=(tg) "o Bo, yooag=fo

Booyo=py ocag, yoo o= ag

agopuy = (ug) toag, Booug =uyoBo, voouy =(uy) o
agoldy =(Ag) ' oag, Boody =450 Bo, vooiy =(Ag) oy
Proof. Compute a little more. O

Let 7 (Xn, Sy) be the group of diffeomorphisms of (X, , S,) whose restric-
tions to each component of 9X, lie in the group generated by p, modulo

isotopies which are constant on 9X,. Let #(Vy) be the group of diffeo-
morphisms of Vy whose restrictions to Sy lie in the group generated by p,
modulo isotopies which are constant on Sy . Note that [ag] = [yo] = [Po] and

[Bol = [id] in Z (V).
Lemma 9.7.
(1) There is an exact sequence 0 — Z* — )?(X,,, Sn) = & (Xn, Sp) — 0.
(2) 2% has basis {71, (371, [f_ ] i)
(3) [an] and [Bn] project to [an] and [B,]; they, together with the elements
in (2), generate #(X», Sn).
4) 7 (Xn, Sn) has a presentation with these generators and the following
relations.
(ur 1, (A7), (w1, and [4]_,] all commute.
len)? = [Ai_,1, [Ba) = [15]
lenllBn] = (17 174} 1 Bnllan]
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lenllin enl™" = (170 [Bullen 1Ba] ™" = [1;]
[enllAy Man] ™" = 471", [BallA;1[Bx]7" = [47]
[an][.u:_lllan]_l = [.u:_l] , [ﬂn][ﬂj{.[][ﬂn]_l = [ﬂ;_ll_l
landlAf_ M) = (451 ), [BallA)_ 1B = [A4)_ 17!

—~

(5) Every element of # (X, , S,) has unique normal form

Ly 1% (A 10 [ 1% -1 1A 15 [l [ B]®
where p,, g, € {0, 1}.

Proof. The fact that the Dehn twists about 8 X,, contribute a Z* subgroup fol-
lows from Lemma 4.7. The remainder of (1), (2), and (3) is clear. The relations
in (4) follow from Lemma 9.5, so there is a homomorphism from the abstract
group H they present to 7 (Xn, Sn). The fact that it is an isomorphism then
follows from the following diagram.

0 - Z* - H - Z1,9Z,=0

| | |
0 - Z* - ZX,,Sn) - Z,9Z,—0.

—

Clearly every element of (X, , S,) can be written in the form given in (5).
The exponents p, and g, are unique for homological reasons and therefore
the remaining exponents are also unique. O

—

Lemma 9.8. #Z(Vy) = Z,, generated by [py].
Proof. Omitted. O

Lemma 9.9. If r(c) =¢ = {c,}, then c{(ay, by)}c™! = {(=1)"(an, bn)}.

Proof. c is represented by some diffeomorphism g of W such that g(V,) =V,
for all » > N. Isotop g so that its restriction to each S, is in the group
generated by p. This gives rise to an element ([gn], [gns1], -, [gn], - +*)

—

of #(Vn) x [Tneni1 # (Xn, Sn). There are infinitely many such elements, but
they all differ by Dehn twists about the S, , and so they all induce the same
automorphism of (W, V). Let {(a,, b,)} € (W ; V). Consider n > N .

If ¢, =1,then g, =a, or y, and g4y = Bnsy OF Ypiy = /1;+1°an+l°ﬁn+l .
By Lemma 9.5, g, opu; ogy! = (u;)”"' and gy,o04; o g, ! = (A4;)"', while
G104, 1080 = (1, )" and guy104}, 0gr) = (4}, ,)"". Thus conjugation
by [g] sends Dehn twists about S, to their inverses.

If ¢, =0, then g, = id or B, and g,.; = id or a,,;. By Lemma 9.5,
gnopt; 08y =y and grod;og, ! =1, while g, out, 0 ) = pr,, and
gn+194), 108, +l| =AY, . Thus conjugation by [g] sends Dehn twists about S,
to themselves. 0O

Lemma 9.10. For every ¢ € F (W V) there exists c € F (W ; V) such that
r(c)=7¢ and

= {#(C’n—l’cn+l)}~

Proof. Represent T by (co, ¢, ¢2,...) € [Iho9Z>. This corresponds to an
element ([go], [8,], [8>],...) of Fo(W; V), where each g, is one of id,
@y, B,,0r ¥, =ayof,. Let g, be the corresponding difftomorphism id, a,,
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Bn » OF Yn = by ©p © B, . One thus obtains an element ([go], [g1], [&2], ---)
of Z (Vo) x [I5e; Z(Xn, Sy) which gives rise to a diffeomorphism g of W
which is defined up to isotopies constant on the S, . By allowing isotopies which
preserve each V, but need not be constant on the S, one obtains an element
of %(W; V) and therefrom an element ¢ of & (W ; V).

Since we are working modulo direct sums, it is sufficient to consider n > 1.

Suppose ¢, = 0. This implies that the restrictions of g, and g,,, to S,
are isotopic to the identity and thus that g, = id or B, (c,—y = 0 or 1,
respectively) and g, = id or an,; (chyy = 0 or 1). Therefore [g,]? = [id]
or [u;], contributing (0, 0) or (1, 0), ie., (cn—1,0), to the group of Dehn
twists about S,, and [g,41]* = [id] or [4f], contributing (0, 0) or (0, 1),
i.e., (0, cypy1). Thus the total contribution is (cy—i, Cpt1) -

Suppose ¢, = 1. Then the restrictions of g, and g,,,; to S, are isotopic to
p and thus g, = a, or 9, and gni; = Bns1 OF Pny1 . Therefore [g,]*> = [Ar_,]
or [id] and [gn.1)? = [4,,,] or [id], in all cases contributing (0,0). O

Lemma 9.11. Let ¢ be as in the previous lemma. Then ¢’ € & (W ; V) satisfies
r(c') = r(c) and (c')? = ¢? if and only if ¢ and ¢' differ by an element of
D(W, V) of the form
I — (=1)
(=5 @ ).

Proof. ¢’ is represented by a diffeomorphism g’ of W such that g'(V,) =V,
for n > N. We may assume that the restriction of g’ to S, is id or p. This
gives an element ([gy], [gy, 1], .- [&n], ...) of Z(VN)xIThini1 & (Xn, Sn).
(There are of course infinitely many such elements.)

Suppose ¢’ = c{(1 - (=1)*)(an, by)/2}. Consider n > N .

If ¢, =0, thenin XQU C, U X?, (2] = [gx] = [id] or [B,] and [g),,] =
[grn+1] = [ans1] or [Pas1]. It then follows as in the proof of Lemma 9.10 that
[c']? has the required nth coordinate.

If ¢, = 1, then in X2 U C, U X?,, one can take [g;] = [gallu; 1[4, ]
and [g,.,]=[gns1], where [g,] = [an] oOr [yn] and [gn41] = [Br+1] OF [Pni1].
Since conjugation of [u,;] and [4,] by [a,] or [y,] sends these elements
to their inverses, one computes that [g,]?> = [g,]* and so the result follows
from Lemma 9.10. Note that one could alternatively take [g;] = [g.] and
[&41] = [gne1 1l 1% [A}]b" . The results are the same.

Now assume that ¢’ satisfies r(c’) = r(c) and (c')? =c*. Then for n > N,
[g;] has normal form

Lt 1% A 100 L 11 A 1o [ PP [ Ba) .

One computes that [g/]> has normal form

[ 2% g 10 [t PO [ PP if p, =0 and g, =0,
17 ST 7 IR if p, =1 and g, =0,

17 Et e ) if p, =0and g, =1,
[id] if p,=1and g, = 1.
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It follows that [g/]?> contributes the following to the Dehn twists about S, .

(2a, +1,2b;) if[g,]=[8,],
(0, 0) if [g,] =[7,]-
The contributions to the Dehn twists about S,_; are as follows.

(2a,_y, 2b; ) if [g,] = [id],
(2(1:__1 P Zb:,-_l + 1) if [?n] = [an],
(0’ 0) if [?n] = [Fn]a
(0’ 0) if [?n] = [7;1]

Suppose ¢, = 0. Then the total contributions to the Dehn twists about S,
are as follows.

(2a, , 2b;) + (245, 2by) if [g,] =[id] and [g,,,] = [id],
((en=1, €ns1) = (0, 0));
(2a; +1,2b;) +(2a;,2b7)  if [8,] = [B,] and [§,,] = [id],
((en=1, cns1) = (1, 0));
(2ay , 2b;) + (2a;, 2b7 +1) if [g,] = [id] and [g,,,] = [@n+1],
((en=1, €cne1) = (0, 1));
(2a; +1,2b7) + (2a; , 2b7 + 1) if [g,] = [B,] and [§ (] = [@ns1],
((en=1, ne1) = (1, 1)).
In all cases for the total contribution to equal (c,_i, cy+;) One must have
(a;, by) = —(a}, b}). Thus the contributions of g, and g, ; to the Dehn

twists about S, cancel, and so one may take [g'] = [g]. Therefore ¢’ and ¢
can only differ for ¢, = 1, as required. O

Lemma 9.12. There is an involution y of W such that r([y]) ={(1,1,1,...)}
€ F (W, V). The finite subgroups of # (W) are precisely the Z, subgroups
generated by elements of the form [y}{(a., bn)}. Each of these elements is
represented by an involution of W .

Proof. Let y =y, for all n > 0. It is easily checked that y is an involution
and r([y) ={(1,1,1,...)}.

Suppose ¢’ is an element of #Z (W) of finite order. Then r(c’) =¢ = {cn} #
0. Let ¢ be as in Lemma 9.10. Then ¢’ = cd for some d € (W, V).
Suppose d = {(an, bn)}. Then by Lemma 9.9 one computes that (¢')? =
{(1 + (=1)")(an, by)}. Thus for large n (a,, by) = (0, 0) if ¢, =0, and so
d is of the form given in Lemma 9.11. Therefore

(C,)z =c?= {#(cn—l ) Cn+l)} .

If ¢, = 0 for infinitely many n, then since ¢ # 0 one must have infinitely many
n such that ¢, = 0 and c¢,,; = 1. But then the nth coordinate of ¢> must
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be (cp—1, 1), which is impossible. Hence ¢ = {(1, 1, 1, ...)}, and it follows
that ¢’ has the form [y]{(a,, b,)}. It is represented by the diffeomorphism 7y’
whose restriction to X, is y, o (4, )% o (4;)> and whose restriction to ¥} is
Yoo (#y)% o (5)% . Using Lemmas 9.5 and 9.6 one computes that (y')? = id .

Now suppose ¢ is another element of finite order in #(W). Then ¢ =
[y (an, 13,,)} . One computes that ¢'¢ = {(a, — a,, by — by)} . For this to have

finite order, one must have (a,, b,) = (an, b,) for large n, and so ¢ = ¢'.
Thus the only finite subgroups are the Z, subgroups described above. 0O

10. TORUS BUNDLE GROUPS

Theorem 10.1. Let W be a periodic genus one Whitehead manifold. Then for
every torus bundle M over the circle there is a subgroup of (W) which is
isomorphic to n,(M).

Proof. For notational convenience we shall assume that V' has period one.
m(M)=(Z&Z) %, Z, that is, it is the semidirect product of Z& Z and Z
with respect to the automorphism 7 of 7;(S!xS!) induced by the monodromy.
For a generator ¢ of Z, t(a, b)t™' =1(a, b).
This group will be embedded in the subgroup &' (W ; V) x: Z of #(W).
The Z subgroup is generated by the class [#] of a minimal shift.

[h){(ao, bo), (a1, b1), (a2, b2), ... }[A]™"
=¢({(a0, bo), (a1, by1), (az, b2), ... })
={(0,0), (a0, bo), (a1, br), ... }.

Define a: (ZSZ)x.Z - D (W ; V) x: Z by

a(a,b)={(a,b),t™(a,b), 1 %(a,b),...}eDW;V),

for (a, b) € Z&Z and «(t) = [h]. The restriction of « to each factor is clearly
one-to-one.
a(t(a, b)) = {t(a, b), (a, b), T Ya, b), ...}
={(0,0), (a, b), 1 '(a, b),...}
=¢({(a, b), t™Ya, b), t™%a, b),...})
=¢&(a(a, b)).

Thus « is a well-defined monomorphism. 0O
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